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Photo-Density Method of Determining the Relative Penetration of Diffused Sodium 24 
Tracer into Glass 


JAMEs R. JOHNSON 
Department of Ceramic Engineering, The Ohio State University, Columbus, Ohio 


(Received August 5, 1948) 


A photo-density method for the determination of diffusion of radioactive tracer is presented 
and compared in detail to a thin section analysis method. The method is no doubt applicable to 
similar tracer problems such as metal diffusion studies. The proper analysis of an emulsion ex- 
posed by decaying Na*™ which had been allowed to diffuse into glass is given. The necessity for 
making and using an emulsion gamma-curve for the tracer in this analysis is shown. 





N the study of the diffusion of Na™ through 

glass, a fast and reliable technique was re- 
quired. The first successful method developed for 
this investigation was a technique of removing 
successive thin layers of glass by grinding the 
sample with abrasive on microscope slides. The 
slides were then measured for relative activity by 
means of a Geiger counter. This method was 
sufficiently reliable and accurate but lacked the 
quality of being fast. 

It was believed that a photographic method 
might succeed if it were properly carried out. 
Certainly it would simplify the experimental 
work on this and similar investigations if it were 
possible to analyze the penetration of the tracer 
merely by placing the sample on a photosensitive 
emulsion and allowing it to make the desired 
record. The difficulty proved to be the proper 
analysis of the exposed emulsion. 

It is well known that the sensitivity of an 
emulsion is not directly proportional to the in- 
tensity of the impinging radiation. Therefore, for 
any emulsion analysis, a gamma-curve must be 
constructed. Such a curve is a plot of the log of 


the relative impinging radiation vs. the density of 
the corresponding exposed emulsion. Since the 
shape and slope of this curve varies with different 
wave-lengths of radiation, it seemed certain that 
it would be necessary to construct a curve 
specifically for the beta-emission of Na™ in this 
case. This was done and the resulting gamma- 
curve provided a tool for analyzing the photo- 
graphic penetration record of the Na™ tracer. 
The specimen containing the diffused Na™ was 
placed directly on the emulsion for one-half hour. 
Figure 5 illustrates the process schematically. 
The plate was then developed and analyzed in a 
photo-densitometer. By properly correlating the 
density-penetration curve thus obtained (Fig. 4) 
with the gamma-curve, it was possible to obtain 
relative concentration-penetration values. The 
actual end product was a plot of the log relative 
concentration vs. the square of the depth of 
penetration, a straight line slope (Fig. 1). It is to 
be noted that only the slope of the line is signifi- 
cant. A comparison of the slope obtained by the 
section grinding method with that obtained by 
the photo method shows that the two are 
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Fic. 1. Penetration of glass by 
Na* at 1250°F. Curve A was ob- 
tained by grinding method; B by 
photo method. ; 
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identical. By way of a check the work has been 
repeated with similar results each time. The 
photo method has given better series of points in 
every case. 
The photo-density method has many advan- 
tages other than the obvious one of saving time. 
It is probably less subject to error and it elimi- 
nates the laborious processes of the grinding 
‘i method such as grinding, weighing and measuring 








4 as well as the counting procedure with the Geiger 
counter. It makes possible the investigation of 
several specimens at a time. 
; The emulsion used in this work was E.K. 
: SA No. 1 on 4X8 plates. It must be emphasized 
| that careful control of developing time and tem- 
i t50 
| 
i g 
\ : 
i £ 100 
1 z 
| 
a 
ev 
. 5 50 
4] g 
° 50 100 iso 200 
Required Exposure Time (minutes) 
. Fic. 2. Na™ exposure chart. 
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perature is necessary for successful results. These 
two factors must be the same for each plate. It is 
the author’s opinion that the method could be 
applied to other radioactive tracers, which have 
sufficient activity for exposing an emulsion, by 
constructing a gamma-curve for the emission 
from the tracer concerned and applying the fore- 
going method of analysis to the experimental 
photographic record using that tracer. 

The procedure for investigating any one tracer 
such as Na* involves the calculation of the proper 
exposure times for making a gamma-curve, the 
plotting of the gamma-curve, and the analysis of 
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Fic. 3. Gamma-curve for Na”. 
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the tracer photograph using that gamma-curve. 
The equation used for calculation of exposure 
times is 

t=A-(N/I) 


where ¢ is the exposure time, A is a constant, N 
is the number of atoms decaying in that time and 
I is the rate of decay during that time. This 
equation is an approximation and would not hold 
for large values of t or for elements with very short 
half-lives. In either of these cases, the original 
equation is applicable, 


t= —(1/d) Inf 1 —(NX/J)] 
or 
t=(1/d) [e+ (x?/2)+ (x3/3)--- J 
where 


x=NdX/TI. 


Since only relative values are desired for the first 
calculation, J> may be given an approximate 
value, and N and A can be chosen such that ¢ 
equals some convenient time such as 100 seconds. 
Subsequently, N2-is chosen to equal 2K Nj. N3 
will equal 2 X N; etc. and corresponding Jo values 
will depend on the previously accumulated time 
and the time of the ensuing exposure and can be 
determined from a decay curve. Figure 2 shows 
a curve set up for use with Na*™ indicating proper 
exposure times for plotting a gamma-curve. The 
emulsion is then exposed successively for the 
proper values of ¢ and then developed at a specific 
temperature and time. The percent transmission 
of each of these exposures is plotted vs. the rela- 
tive values of NV as shown in Fig. 3, the gamma- 
curve. A typical penetration-film density curve 
for the diffusion of Na*™ into glass is shown in 
Fig. 4. To get the proper value of the relative 
concentration of the diffused Na* from this curve 
at any point, it is necessary only to read it from 
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Fic. 4. Penetration curve of Na™ into glass at 1250°F. 











Fic. 5. Schematic representation of experimental tech- 
nique. A shows the glass rod with radioactive sodium 
carbonate in place before firing. B shows the rod after re- 
moval from the furnace. C shows it with the remaining 
sodium carbonate removed, ready for grinding or emulsion 
exposure. D and E show the rod as it is placed in the ex- 
posure process. The dots represent diffused Na™. 


the gamma-plot according to its corresponding 
percent transmission. Figure 5 illustrates the 
process schematically. 
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The Measurement of Forces Resisting Armor Penetration* 


A. Victor MasKeEet** 
Mechanics Division, Naval Research Laboratory, Washington, D. C. 


(Received June 14, 1948) 


This paper summarizes the experimental and theoretical status of the optical chronograph 
developed in the course of ballistic research at the Naval Research Laboratory. The instrument, 
together with a simple procedure for analysis of data, is capable of yielding the position, velocity, 
and deceleration of a non-plastically deforming small arms projectile during the armor penetra- 
tion process, which lasts from 30 to 150 microseconds. Decelerations have been observed up to 
5X 107 ft./sec.*. The longitudinal vibrations induced in projectiles during impact were observed 
by a shadow-photography technique which yields time-displacement curves from the motion of 
the trailing face of a projectile during penetration. The precision of the derived decelerations, 
about 4 percent, is sufficient to permit the evaluation of strain-rate and inertia effects during 
high speed indentation by means of conical indenters at strain-rates approaching 2 X 105/sec. 





INTRODUCTION 


HE wide interest which arose in the prob- 

lems associated with the development of 
improved armor plate resulted in an attempt to 
formulate a theory of armor penetration. Up to 
the Second World War, theoretical knowledge on 
this subject was limited largely to empirical 
formulations based on laboratory firings, armor 
proving tests, or upon rough data on the dynamic 
behavior of the armor or projectile during the 
penetration cycle. This lack of accurate data was 
a consequence of the difficult experimental prob- 
lem of continuously observing the penetration of 
an armor specimen by a non-deforming bullet. 
It is the object of this paper (1) to present a 
description of a precision optical chronograph 
utilizing a high speed drum camera technique 
for continuous observation of projectile motion 
during armor penetration, and (2) to describe 
the application of the chronograph to determine 
the forces which non-deforming bullets encounter 
while penetrating armor plate. 

Prewar security classification prevented timely 
publication of earlier stages in the design and use 
of. the optical chronograph carried on by G. R. 
Irwin, Frank Louckes, and G. D. Kinzer, who 
established the basic technique and reported 

* Published by permission of the U. S. Navy. (The 
opinions expressed in this paper are the author’s and do not 
necessarily represent those of the U. S. Navy.) The work 
summarized in this paper is based upon the following 
declassified reports: NRL 0-1591, 0-2275, 0-2863 and was 
performed by initial authorization of Bureau of Ordnance 
ltr. $13-1(4/173)(Q8) of 12/13/34. 


** Now in the Department of Physics, University of 
North Carolina, Chapel Hill, North Carolina. 
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force-time data for various target steels. The 
scatter of film measurements was then too great 
to resolve vibration effects clearly. 


APPARATUS 


A strip of film placed in a high speed revolving 
drum affords a convenient mechanical technique 
for expanding the time scale in order to record 
events which occur during a short time interval 
such as the penetration of armor by a small 
calibre projectile. In such ballistic phenomena, 
the entire process is known to occupy about 10~‘ 
seconds or less. As a consequence it would be of 


‘little use to attempt ‘‘shutter’’ photography un- 


less the number of frames per second could be 
made to approach 10°. The continuous shadow- 
photography technique which is made possible 
by the apparatus described here allows the 
experimenter to determine the position, velocity, 
and deceleration of the trailing edge of the bullet 
at intervals of 510-7 sec. under the best condi- 
tions now obtainable. ; 

The physical principle of the apparatus con- 
sists of obtaining the shadow of a projectile on 
a strip of film moving perpendicular to the line 
of flight of the projectile. The line of flight is 
arranged so that the projectile progressively ob- 
structs the illumination of a fine slit placed very 
close to the surface of the fast moving film. The 
schematic diagram of the apparatus is shown in 
Fig. 1. The bullet leaves the bore of the gun 
about 18” from the armor specimen and, when 
about 12” from the specimen, it completes an 
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RC circuit by making contact with two metallic 
foil screens of negligible ballistic resistance. The 
resulting discharge of a capacitor through a 
resistor puts a positive voltage pulse on the grid 
of a biased thyratron which, on conduction, 
initiates the action of a variable time-delay 
circuit controlling the spark light-source. The 
spark is timed to occur at about the instant the 
projectile begins to obstruct the light path be- 
tween the collimating and objective lenses. The 
flight path is made to pass through the apex of 
a wedge of light created by the cylindrical lens 
of the collimating system and is focussed on the 
slit which is parallel and very close to the rotating 
film. 

The light source is produced by discharging a 
53-uf capacitor, charged to 15,000 volts, through 
a 3-mm bore glass capillary so masked that the 
light emerges from a pinhole aperture placed at 
the principle focus of the first collimating lens. 
The duration of the discharge has been extended 
to about 600 microseconds by placing a 75-ohm 
resistor in series with the capillary gap. A leader 
stroke preceding the main discharge by about 10 
microseconds is easily. observable on the films. 
No oscillation of the discharge has been en- 
countered during the usable portion of light 
emission. Several advantages have arisen from 
the present arrangement of having the illumi- 
nated slit located in the focal plane of the camera 
assembly (suggested by G. D. Kinzer) rather 
than in the objective plane through the trajec- 
tory. When the slit was in the objective plane, 
the impact of the projectile produced ‘“‘splash”’ 
from the surface of metallic armor specimens 
which marred the shadowgrams by streaking 
across the slit and damaged its precision ground 
edges by ricochet. These deleterious effects on the 





Fic. 1. Schematic diagram 
of apparatus. 


films and slit, observed in initial experiments, 
were eliminated by the relocation of the slit. In 
addition, the placing of the slit very close to the 
film surface eliminates the blurring due to diffrac- 
tion effects. The slit width is still governed by 
intensity requirements. With the light intensity 
now available, a slit width of 0.002” is per- 
missible for a film speed of 500 ft./sec. 

The air-driven turbine and hollow drum unit 
(Fig. 1) has been precision turned and machined 
from a single block of duralumin alloy. The drum 
will hold a foot-length strip of 35-mm film on its 
inner surface. The assembly of the drum is such 
that it may be moved independently of the lenses 
and mirrors of the optical system for ease of 
loading in darkness. The drum with film is posi- 
tioned while turning at high speed so that the 
film, flattened against the drum by centrifugal 
force, will not be damaged by the masking slit 
which is located only 0.0025” from the focal 
plane. 

A photograph of the assembly appears in 
Fig. 2. Directly in front of the gun, a blast de- 
flector (not shown in Fig. 1) obscures the armor 
specimen and its holder in the rear of the picture. 
The bank of high voltage condensers seen on 
the right discharges through the capillary gap 
mounted on the insulators. On the left is the 
camera assembly with the drum mounting raised 
into position. A photograph of the drum in its 
housing is given in Fig. 3. The design of the yoke 
holding an upper bearing for the rotating drum 
permits the placement of a mirror at 45° to the 
vertical (as shown in Fig. 1) to reflect the 
trajectory image normal to the film. 

The instruments (not shown in Fig. 2) for 
control and measurement of drum speed, time 
delay of discharge, and capillary pressure are 





COLLIMATING LENSES 


PHOTOGRAPHIC FILM 
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Fic. 2. Photograph of assembly. 


located in another room and connect to the force- 
curve apparatus through the rear wall. 

Since the drum speed is measured only for in- 
tervals less than 0.1 millisecond, the drum inertia 
keeps the speed sufficiently constant when the 
speed is regulated with a conventional air- 
pressure reduction valve. 

Drum speed is measured by matching the 
signal from a magnetic pick-up from the turbine 
driving the drum with the signal from a cali- 
brated variable frequency generator, General 
Radio Company Interpolator Oscillator, Type 
617-C. The magnetic pick-up signal is produced 
by small steel inserts in the turbine which vary 
the reluctance in a magnetic circuit passing 
through the turbine. The gun is fired when the 
matching is viewed as a stationary Lissajous 
figure on an oscilloscope screen. 

The time-delay circuit is outlined in Fig. 4. 
Plate voltage was obtained from batteries since 
they were good for their shelf life and filament 
heater supply was obtained from a 6-v trans- 
former. Constant plate voltage is needed for 
reproducible time delay. It is evident from the 
circuit that the voltage at A, which is applied to 


_ the grid of the second tube, will rise with respect 


to the voltage of the cathode while the first tube 
discharges condenser C2. The rate of discharge of 
C, is controlled by the variable resistor in the 
cathode lead of the first tube. With the onset of 


~ conduction in the second 2050 thyratron, a high 


voltage surge, generated in the secondary of a 
spark coil by discharging a 10-yf capacitor 
(charged at 180 v) through the primary, is used 
to trigger the spark for the light source. 
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APPLICATION 


Several stages during the shadow photography 
of a bullet approaching and penetrating an armor 
specimen are depicted in Fig. 5. In stage A the 
shadow image P of the bullet is shown at an 
instant during its approach to the shadow image 
of the armor, while the film is moving left, 
normal to the image of the line of flight. The 
film is shown blackened, by exposure to light 
through the masking slit, over those areas which 
are not shielded by the shadow image of the 
bullet. The shadow of the bullet appears as an 
unexposed portion of the film bounded by in- 
clined parallel edges. The tangent of their inclina- 
tion to the direction of motion of the film is 
proportional to the speed of the bullet for a 
given film speed. Two reference marks which 
appear on each shadowgram are essential for 
film analysis. These marks are produced by 
shadows of two very fine wires. One wire is 
placed parallel to the armor plate at a measured 
distance from it and perpendicular to the line 
of flight. The second wire is fixed across the 
masking slit. The two shadow streaks are shown 
at a and 3d in Fig. 5. They accurately determine 
the direction of motion of the film and therefore 
of the bullet and, at the same time, determine 
the position of the base of the bullet at the in- 





Fic. 3. Photograph of drum in housing. 
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stant its nose strikes the armor. This instant is 
illustrated in stage B. It is clear that the base 
of the bullet is at a distance d below the shadow 
a and d is given by the length of the bullet less 
the distance c. 

The appearance of the exposed areas of the 
film, up to the instant a bullet has been com- 
pletely brought to rest by the armor specimen, 
is shown in stage C. The edge of the shadowgram 
corresponding to the motion of the bullet base 
is curved, of course, during impact and is a time- 
displacement curve from which the essential 
data of the penetration is obtained. (It is to be 
noted, however, that the curve so obtained is not 
the same as that corresponding to the motion 
of the center of mass of the bullet because the 
exceedingly large forces encountered by bullets 
will introduce longitudinal vibrations which are 
observable by the technique described.) Should 
stage C also represent the possibility that the 
bullet remains imbedded in the armor, then the 
area shown in cross-hatching would subsequently 
become exposed and darkened to the extent that 
the discharge persisted. 

An illustrative shadowgram obtained from the 
force-curve apparatus is shown in Fig. 6. This 
unusual shadowgram shows not only the ap- 
proach and impact of a bullet but also the direct 
rebound along the line of flight from the armor 
specimen. While not visible in the enlargement, 
the original film shows clearly the sinusoidal 
ripple along the edge of the shadowgram during 
the rebound (when the bullet is in free flight) 
which is a consequence of the periodic variation 
of the base velocity with respect to the velocity 
of the center of mass while the bullet is in longi- 
tudinal vibration from the impact. 
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The primary data in the film analysis consists 
of a tabulated set of slope measurements at equal 
intervals of time before and during impact along 
the edge of the shadowgram made by the base 
of the bullet. These slope measurements were 
made by judging the tangency of a cross hair 
whose consequent inclination to the direction of 
film motion was read from a goniometer attach- 
ment on a Gaertner comparator. At first, straight- 
forward differences of slope values, corrected for 
momentum transfer to the plate, were smoothed 
to give values proportional to the deceleration 
of the bullet. A typical group of such curves for 
identical bullets fired against several thicknesses 
of armor is given in Fig. 7. These show the 
periodic secondary maxima when the decelera- 
tion of the base is not corrected to account for 
longitudinal vibration. In particular one notes 
that the trailing edge of the bullet does not show 
any deceleration until a half period after impact 
has begun. This is just the time needed for the 
compressional wave to travel from the nose to 
the base. The deceleration of the center of mass 
can be obtained very simply, however, from the 
primary data and yields the actual force on the 
nose of the bullet during the penetration into 
armor. 


THEORETICAL TREATMENT OF DATA 


In order to treat the longitudinal vibrations 
of a projectile analytically, the following assump- 
tions were made: (1) that if the pointed end of 
the projectile is short in comparison with its 
total length, it may be considered as a cylinder 
of equivalent mass and cross section but calcu- 
lably shorter in length, and (2) that in normal 
impact, transverse vibrations are negligible. 
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Fic. 5. Stages during shadow photography. 


Under these conditions the problem of an ogival- 
nosed bullet executing longitudinal vibrations 
while penetrating armor can be simplified to the 
problem of an elastic rod moving with velocity Vo 
which at time t=0 encounters a force, F(t), see 
Fig. 8, acting on the leading face and opposing 
the motion. For small strains and damping, the 
equation to be solved is 

8u(x, t)/dt? =c?(d*u(x, t)/dx*), c=E/p, (1) 


subject to the boundary conditions: 


t=0: u=0, d0u/dt| p-0= Vo; (la) 
x=0: du/dx|,.0=0; 
x=1: du/dx|,.=F(t)/AE. (1b) 


The symbols have the following definitions: 


t=time, x=position in projectile of length / 
relative to the base (x=0), 

u =u(x, t)=displacement of position x at time 
t relative to fixed laboratory coordinates, 

E=modulus of elasticity of projectile, 

p=density of projectile, 

A =cross-sectional area of projectile (as rod), 
F(t) = physically admissible force on leading face 
of projectile (as rod) at time ¢, 

Vo=initial velocity of projectile. 





Fic. 6. Representative shadowgram of bullet 
during impact. 
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The function u(x, ¢), which is the solution for 
(1) with the boundary conditions in (1a) and 
(1b), is given by the sum of the residues of the 
contour integral, see Fig. 9, 


1 pti ry cc | 
u(x, t) andes f a: ? ry F(A) 


2m Jy ix A 


Ax Al 
-{ cosh— / A sinh— A, (2 
(cos : / sin ~) (2) 


prescribed by the inversion of a Laplace trans- 
form, where \ is a complex variable, and 


P(A) = f " e*F(t)dt (3) 


defines the Laplace transform of F(t) assumed to 
exist for physically admissible forces in armor 
penetration. 

The contour of Fig. 9 may have to be indented 
if F(A) possesses any branch points. However, as 
long as the solution retains the property of 
uniform convergence, the sequel is unaffected. 

The displacement, velocity, and deceleration 
of the projectile base are obtained at once by 
setting x =0 in (2) and these quantities are given 
respectively by, 


1 rte Vo Cc 
u(0, y-—f a + 
'  Qne 2 AE 


y—ie 
: dl 
(Fay /r sinh—) far (4) 
c 








du(x, t) 1 Tria Vo ic 
aS gee es 
at zo 201 y—iw AE 
_ NM 
-( Po) / sinh—) Jar (5) 
c 
and 
07u(x, t)| 1 we ¢ 


aniiaiiiieatale a 


Ot? |smo 2eidyio AE 


N 
-(x-24-F0) /sinh—)aa, (6) 
c 


The displacement, velocity, and deceleration 
of the center of mass are obtained from that of 
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the base by the following theorems proved in the 
Appendix : 


Theorem I: The displacement, velocity, and de- 
celeration of the center of mass at any instant ?’ 
are respectively equal to the average values of 
the displacement, velocity, and deceleration 
of the projectile base over the time interval 
(t/—L/c, t'+1/c) for all -~ <t’< om. 

Theorem II: The velocity of the center of mass 
at any instant ¢’ is equal to the difference be- 
tween the displacements of the base at the end 
points of the time interval (¢’—J/c, t’/+1/c) 
divided by the magnitude of the interval (the 
fundamental period of longitudinal vibration, 
21/c). 

Theorem III: The deceleration of the center of 
mass at any instant ?¢’ is equal to the difference 
between the velocities of the base at the end 
points of the time interval (¢’—J/c, t’+J/c) di- 
vided by the magnitude of the interval, 2//c. 

Theorem IV: The displacement, velocity, and 
deceleration of the center of mass at any instant 
are respectively equal to the average of the values 
of displacement, velocity, and deceleration dis- 
tributed throughout the projectile at that instant. 

Of these theorems it is seen that the fourth 
differs from the preceding three in that it in- 


Fic. 7. Uncorrected force 
curves showing secondary 
maxima. 
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volves an average over a position variable rather 
than time. It is the application of Theorem III 
to the primary slope (velocity) data, however, 
which constitutes the simplification brought 
about by the theory in the analysis of the 
shadowgrams. An earlier procedure of smoothing 
out the secondary maxima in the derived de- 
celeration curves by a least square fitting is 
reduced to a simple differencing procedure which, 
to within the validity of the original assumption, 
is analytic. The striking feature of the arithmetic 
program implied in Theorem III is that it per- 
mits the evaluation of the forces back to the 
beginning of impact so that the forces which arise 
from impact at high speed may be compared 
with those from static punching. 

The question has arisen during this investiga- 
tion whether the force curves should be derived 
from comparator measurements of displacement 
rather than of slope (velocity). At present it is 
believed that greater precision in estimating the 
edge of the shadow on the film is necessary to 
settle this point. Attention is being directed now 
toward increasing film speed and reducing slit 
width to reduce the region of transition from the 
exposed to shadowed portions of the film strip to 
within the limitations imposed by grain size. 
Additional precision in the displacement data is 
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Fic. 8. Analytic representation of a projectile 
piercing armor. 


desired since such data must be differentiated 
twice to obtain decelerations. 

The formal derivation of the theorems given 
above has not required a specific formulation of 
the force function, F(t), representing the forces 
which the projectile encounters during the im- 
pact. It has proved interesting to reverse the 
process to show the motion of the base of the 
projectile from an assumed force on the nose. 
Empirically, it can be shown that force curves 
(derived from the observed decelerations of the 
base such as are given in Fig. 7) are well depicted 
by the functional form 


F(t) = Fo-f-e~**. (7) 
One then substitutes into (6) the transform 


x 


P(A) = 2Fo/(A+8)* = Fo J Par 


0 


and the evaluation of the contour integral yields 
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Fic. 9. Contour in the complex plane. 
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the series solution 


~~ 
d°u(x, t)| c ad? der | 
———| = Fy-—--—| — (9) 
or r=0 A E dd? M 
sinh— 
C \\=--8 
- 4c « (—1)"(n2c/1)? 
AE »=1 Lnw}B?+(nmc/l)*}3 
nrct nrct 
x (Pe-sin== +0, -co ~)| 
l l 
where 


n1rc\* nrc? NTC 
P.=6'-3(—), o.=( “) -30(), 
l l l 


and #20. It can be shown formally that the 
series given by (9) is representable by use of the 
Heaviside wave operators in the form 


07u(x, t) 2c dF(t—I/c) 
——| = =| a1 c)-—-—— (10) 
or Sais AE d 
; _— adF(t—3l/c) 
+HU¢—R/¢)-————-+ -- | 
dt 
where 
0, ¢t<T 
H(t—T) | , is the step operator. 
1,’>T7 


Normalized deceleration curves are presented 
in Fig. 10 showing the deceleration of the center 
of mass and of the trailing base for each of two 
steel projectiles when they encounter a force on 
the nose of the form F9-é?-e~**. The deceleration 
is plotted as the fractional value of the maximum 
suffered by the center of mass. The argument r 
represents the fundamental period after impact 
for the one-inch projectile. Most striking from 
this calculation is the result that secondary 
maxima and minima under quite reasonable 
assumptions may deviate as much as 20 percent 
from the deceleration values attributed to the 
center of mass. 

The effect of the shape of the projectile is 
shown with some representative force curves in 
Fig. 11. The curves result from the penetration 
of 34-inch mild steel and STS! plates by two 
0.27-calibre bullets of slightly different ogive. 


1 Special treated steel, 250 Brinell. 
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As should be expected, the force rises more slowly 
and comes to a narrower maximum for the sharp 
nosed than for the blunt nosed projectile. While 
the energy losses for the two are almost equal in 
just penetrating mild steel, the loss is greater for 
the blunter bullet in penetrating STS. 

The application of the optical chronograph has 
recently been extended? to evaluate the effect of 
inertia and strain-rate at ballistic speeds by 
G. R. Irwin. Because the mathematical solution 
for the entry of an ogival-nosed bullet into armor 
presents exceedingly difficult geometrical features 
associated with the plastic flow of the deforming 
armor plate, Irwin employed conically nosed 
bullets. It was shown in this study that the 
experimental precision is good enough to permit 
estimation of the magnitude of velocity effects 
in rapid deformation of steel. The paper by 
Irwin should be consulted for further details. 
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APPENDIX 


The proof for the four theorems given in the text are 
based on the solution given in Eq (2): 
cosh(Ax/c) ale 


PS Vo c = 
[tag Fo ) -y sinh (l/c) 
which gives the displacement u with respect to fixed 
laboratory coordinates of the cross section located at 
0<x<l/ in the moving projectile for the time ¢>0 

For Theorem I, we need give the proof only for the dis- 
placement part of the theorem since the proofs for velocity 
and acceleration involve trivial differences From the ex- 
pression above and from (4), we find the average: 
Cc t’ti/e 
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a tie 
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2G. R. Irwin, “Penetration resistance measurements at ballistic speeds,’ Proceedings of the Sixth International 
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and this is precisely the displacement of a point-mass, 
M=AEI/c?, which has an initial velocity Vo and is acted 
0, t<0 
F(t), *>0 
proofs for the velocity and deceleration similarly involve 
the taking of averages with the expressions given in 
(5) and (6). 
Theorems II and III follow immediately from Theorem 
I. The expressions for the velocity and deceleration of the 
center of mass are given by 


upon by a force F(t) = up to the instant ¢/’. The 





Cf sulx, t)/at| dt 

21 t'-Ue aha ) zr=0 
and 

 (°  atu(x, t)/at?| dt 

2 J v+tle u(x, t) z=0 





respectively. These may be integrated at once to give the 
desired expressions. 
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For Theorem IV the proof need be given only for the case 
of displacement. The average is 


+S u(x, t)-dx 
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which is identical with the result in Theorem I for the upper 
limit t=?’. The proofs for velocity and acceleration follow at 
once. , 
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Probability Criterion for the Design of Servomechanisms 


Joun R. RaGAzzini AND Lotri A. ZADEH 
Department of Electrical Engineering, Columbia University, New York, New York 
(Received March 31, 1948) 


Of the criteria that are used in the design of servomechanisms, the so-called ‘‘minimum mean- 
square”’ error criterion is used quite widely in cases where the undesirability of the error increases 
with its magnitude. There is, however, an important class of applications, particularly in the 
field of ballistics, where a more appropriate criterion can be defined as the probability that the 
error be less than some prescribed tolerance. The problem of maximization of this probability is 
shown to reduce to a number of implicit equations whose solution in practice must be carried out 
by cut and trial. It is further shown that under certain conditions the maximization of proba- 
bility yields the same values for the design constants as the minimization of mean-square error. 
These conditions are discussed for the general case as well as for certain specific cases which are 


important in practice. 





I. INTRODUCTION 


HE design of servomechanisms is usually 
based on some generally accepted criterion 
of performance. A relatively simple and yet 
useful one which was introduced some years ago! 
is based on minimization of the mean-square 
error. This criterion is applicable in situations 
where the undesirability of the error increases 
with its magnitude. While this is the case in most 
common applications, there is an important class 
of problems in ballistics and certain industrial 
applications where it is desirable that the magni- 
tude of the error, e, be less than a certain critical 
value, L. Thus, in these problems, all errors larger 
than L are equally bad, while those smaller than 
L are equally acceptable. It is apparent that for 
such cases the mean-square error criterion does 
not reflect correctly the requirements of the 
system. 

As a measure of performance for this class of 
problems, the authors have been using a figure of 
merit, », which is defined by the following 
functional 


p=Prob.{ |e] <Z}. (1) 


The difficulty arising in the application of (1) is 
that the complexity of the functional usually 
prohibits purely analytical approaches such as 
are possible in the case of the mean-square error 
criterion.?~* However, it is shown in this paper 

1A. Kharkevitch, “On the application of the criterion 
of mean-square error to the evaluation of distortion in 
linear systems,”’ J. Tech. Phys.-7, 515, 1065 (1937). 

2N. Wiener, The Extrapolation, Interpolation and 


Smoothing of Stationary Time Series, NDRC Report 
6037, Feb. 1, 1942. 
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that in many problems where the a priori re- 
quirement of the design is that » be maximum, 
the relative values of systematic error, random 
error, and the tolerance L are such that practically 
the same design is obtained as through applica- 
tion of the mean-square error criterion. In the 
following sections a criterion for the equivalence 
of the two design procedures is obtained from 
comparison of the analytic conditions for maxi- 
mization of » and minimization of the mean- 
square error. 


Il. MAXIMIZATION OF THE PROBABILITY 
FIGURE p 


A typical servomechanism which shall be con- 
sidered in these discussions is shown in Fig. 1. 
The principal function of the device is to close out 
the error, e(¢). The performance of the system is 
judged by its success (or failure) to bring the 
error to zero at one or more specified instants of 
time or on a time average basis. 

The structure and component values of the 
servomechanism are specified completely ex- 
cept for a number of adjustable parameters 
1, 2, ***a@,. Referring to Fig. 2, the error e(¢) 
results from a non-random input function 6,(t) 
which is zero for <0. It is assumed that as a 
result of random disturbances arising both inside 
and outside the system, the error ¢ comprises a 
systematic (non-random) component ¢,, and a 

3N. Levinson, The Wiener RMS Error Criterion in 


ma and Prediction, J. Math. and Phys. 25, 261 
1947). 
* Radiation Laboratory Series, Theory of Servomechanisms 


(McGraw-Hill Book Company, Inc., New York, 1947), pp. 
308 et seg. 
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stationary random (noise) component ey so that 
e=e,+ey. (2) 


éy is distributed normally with zero mean and a 
variance a? which in view of the stationariness of 
€y is equal to its mean-square value. These as- 
sumptions are found to be generally true in 
practice. 

The object of the design is to assign values to a; 
which maximize the probability that at a pre- 
scribed instant t=fo, the magnitude of e would be 
less than a given tolerance L, as shown in Fig. 2. 
In short, the requirement is that 


Opo 
—=(0; 1=1,2,3,---,n (3) 
0a; 
where 
po=Prob}{ |e|t=~ <L}. (4) 


These conditions are subject, of course, to the 
physical realizability of the system. 

As stated, the problem requires that aj, a2: - - ap, 
be determined on the basis of maximization of po. 
With a normally distributed noise variable the 
probability po may be written as 


1 u? 
exp( —- ~.)au, (5) 
2 ao? 


where u is the variable of integration and .e,° 
denotes the value of the systematic error at time 
t=to. For any particular type of input 6; which is 
selected as a test function, both e,° and o can be 
expressed as functions of a, a2: - -a,. Thus Eq. (5) 
may be regarded as expressing po as an explicit 
function of a1, a2:--an. To find the equations 
satisfied by the maximizing values of aj, it is 
sufficient to differentiate the right-hand member 
of (5) partially with respect to the a’s and to 
equate the derivatives to zero. The results of this 
differentiation are 


0 0 1 0 ° ° L 2 
ogee. {exo ———] 


1 €,°+L 


Po 


a (29) oa Jeo—L 








0a; o 0a; 20? 
(e,°—L)? do 1 
eS 
20? 0a; a 
€,°+L 
xf (u?/a?—1) 
€,0—L 


u* 
x exp| _ =u. (6) 
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The coefficient of d¢/da; in (6) is integrable and 
can easily be shown to be equal to 


1 €,°+L u2 
— f (u?/o?—1) exp| _ <a 
a Yeo—L 2c? 


(e,°—L) 


20” 





2 ee 
o 


ea 


(e.°+L) (e,°+L)? 
——_—_— exo| - =| (7) 





o* 20? 
Thus, finally, the equations satisfied by the 
maximizing values of ai, a2: - -a, take the form 
de,° (e,°+L)? (e,°—L) 
~“texp} —---—— — exo| —-- ——| 
Oa; 2c” 20? 
do { (e,°+L) (e,°+L)? 
EP 
Oa;l .¢ 20? 
(e,°—L) (€,°—L)? 
-— exp| _ | =0. (8) 
o 20? 


The complexity of these equations is evident, and 
their solution can be arrived at only by cut and 
trial. It will be shown in the next section that 
under certain circumstances the minimum mean- 
square error criterion results in the same values 
for the control coefficients a;, as would be ob- 
tained from solution of (8). 


III. COMPARISON OF MAXIMUM PROBABILITY 
AND MINIMUM MEAN-SQUARE 
ERROR CRITERIA 


In order to make comparisons between the two 
criteria, an expression similar to (8) will be ob- 
tained for the case of the minimum mean-square 
error criterion. First it should be noted that since 
the signal is a non-repetitive transient and the 
error must be minimized at t=, the conven- 
tional minimum mean-square error criterion can- 
not be applied without some modifications. It is 
necessary to regard E? not as the average of é 
over a long period of time, but rather as an 
average of & over the ensemble. With this 
understanding, the mean-square value of the 
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Hw) Fic. 1. Schematic 
diagram of a simple 
servomechanism. 
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error takes the form 
E? = (e,°)?+ 0°, (9) 


and the minimizing values of a; satisfy the 
equations 








These equations are the analogs of Eqs. (8) 
which were obtained on the basis of maximization 
of po. It is the relative simplicity of Eqs. (11), as 
contrasted to the complexity of Eqs. (8), that 




















dF? makes it possible in many instances to obtain 
—=(, (10) solutions to (11) by purely analytic means. 
— da; In order that the solutions of Eqs. (11) be 
that is ae. a equal to the solutions of (8), it is necessary that 
aa ae eae a (11) the coefficients of d¢,°/da; and dc/da; be pro- 
da; da; portional to each other. That is 
(€,°+L)? (e,°—L)? (e°+L) (e,°+L)? (e,o—L) (e,°—L)? 
exp| —-——_— -| —exp| - exp| — |- exp| - oe] 
20? 2c? o 20? o 20? 
= (12) 
€,” o 
After some manipulation, the above relation re- or 
duces to the following: |€,°| >>o (15) 
aL («!)? taba 
26. °T, aan ; Stated in words, the mean-square error and 
exp| am |- re: oie (13) maximum probability criteria are approximately 
o* e°L (e,°)? equivalent when either: 
aa eee (a) The systematic error as well as the geo- 
i o~ 


Within the limitations of the assumptions made 
in the statement of the problem, Eq. (13) repre- 
sents the necessary and sufficient condition for 
the equivalence of the minimum mean-square 
error and maximum probability criteria. 


IV. DISCUSSION OF RESULTS 


An examination of (13) shows that there are 
only two situations of practical interest where 
this equation is satisfied approximately over a 
wide range of values of L, e,°, and «. These condi- 
tions are 


€,°\<K<oe 


(Le, ie (14) 
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metric mean of the tolerance L and the systematic 
error at the time =f) are small in comparison 
with the r.m.s. value of the random error. 

(b) The systematic error is large in comparison 
with the random error, and the tolerance L is 
approximately equal to the systematic error. 


Vv. CONCLUSION 


In the design of that class of servomechanism 
in which it is desired to close out the error within 
a prescribed tolerance at a specific instant such as 
at the termination of a given operation, it is 
necessary to maximize the probability that the 
error at that instant be less than the given 
tolerance. This can be done by adjustment of the 
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dynamic constants of the system in accordance 
with Eqs. (8). The process is generally quite 
complicated and must be carried out by cut and 
trial. Under the general conditions expressed by 
(13) and in particular by (14) and (15), the re- 


sultant design is the same as that which would be 
obtained by the use of the minimum mean- 
square error criterion. In view of the relative 
simplicity of the latter, considerable economy in 
computational labor can thus be achieved. 





Measurements of the Mechanical Properties of Polymer Solutions by 
Electromagnetic Transducers* 


TuHor L. Smitru,** JoHn D. FERRY, AND FREDERIC W. SCHREMP 
Department of Chemistry, University of Wisconsin, Madison, Wisconsin * 
(Received June 23, 1948) 


A concentrated polymer solution is sheared by a rod oscillating axially with a very small 
amplitude in a closed tube. The rod is driven by a coil in a magnetic field; from electrical 
measurements on the coil, the mechanical resistance and reactance of the system are calculated 
by transducer relationships. Equations are given for obtaining the dynamic viscosity, 7’, and 
rigidity, G’, of the solution. In the case of some polymer solutions, the audiofrequency range 
covered by the present apparatus falls in the dispersion zone where n’ and G’ change rapidly 
with frequency. In other cases the frequency range covered appears to be at the upper end of the 
dispersion zone; 7’ is far smaller than the viscosity in steady flow, and G’ changes very little 
with frequency. The advantages and limitations of the method are discussed. 


INTRODUCTION 


MONG the diverse phenomena exhibited in 
the mechanical properties of concentrated 
polymer solutions, their behavior in small oscil- 
lating deformations is of particular interest.’ At a 
single frequency of oscillation, the mechanical be- 
havior of such a solution can be simply described 
by two quantities, the dynamic rigidity and 
dynamic viscosity. In general, both these quanti- 
ties are found to be frequency-dependent, and in 
many cases their dispersion is spread over a wide 
range of frequencies which cannot be covered by 
a single experimental method. A variety of 
methods is required for an adequate study. 
Measurements of transverse wave propagation? 
have proved useful for obtaining the rigidity, and 
under favorable conditions also the viscosity, 


* Presented at the Division of High Polymer Physics of 
ie pees Physical Society, Chicago, December 30, 
1947. 

** Present address, Hercules Powder Company, Wil- 
mington, Delaware. 

1J. D. Ferry, W. M. Sawyer, and J. N. Ashworth, J. 
Polymer Sci. 2, 593 (1947). 

2J. D. Ferry, J. Am. Chem. Soc. 64, 1323 (1942); J. N. 
Ashworth, W. M. Sawyer, and J. D. Ferry, unpublished 
experiments. 
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in the audiofrequency range, provided the me- 
chanical loss factor of the solution is not so great 
that the waves are too severely damped. The new 
method described in this paper provides a better 
determination of viscosity and is applicable for 
both viscosity and rigidity under some conditions 
where wave measurements fail owing to extreme 
damping. 

If non-linear effects in either rigidity or vis- 
cosity can safely be ignored, as they usually are in 
treatments of viscoelastic systems,'* both shear 
and rate of shear must be kept small throughout 
the cycle of deformation. Fulfilment of this re- 
quirement is facilitated by our present apparatus, 
in which neither shear strain nor stress is meas- 
ured; the only measurements are of electrical 
resistance and capacitance, and the viscosity and 
rigidity are calculated from transducer relation- 
ships. In this respect our apparatus differs from 
that of Philippoff,* who employed a somewhat 
similar device for shearing a solution but -calcu- 
lated the viscosity from measurements of the 
amplitude of oscillation at mechanical resonance. 


*T. Alfrey and P. Doty, J. App. Phys. 16, 700 (1945). 
‘W. Philippoff, Physik. Zeits. 35, 884, 900 (1934). 


JOURNAL OF APPLIED PHYSICS 

















DESCRIPTION OF APPARATUS 


An aluminum rod, 3.18 mm in diameter, is 
driven axially in a tube, shearing the solution to 
be studied across an annular gap of about 1 mm. 
The maximum excursion of the rod is always less 
than 0.1 mm, and often less than 0.01 mm. The 
top of the rod is screwed and cemented into a 
cylinder of Lucite, which is machined to leave a 
thin shell for a coil form. Several hundred turns 
of No. 34 enameled copper wire are wound on the 
shell, which is suspended in the air gap of a 10- 
inch permanent magnet loudspeaker. 

Two models of the apparatus are shown in 
Figs. 1 and 2. In Model 1, suitable for a frequency 
range of about 30 to 200 cycles/sec., the rod and 
coil are supported by a brass disk attached to four 
strands of No. 005 music wire, 10 cm in length; 
the coil is centered with equal tension in the four 
wires by hanging equal weights over pulleys, as 
shown, before the clamps are tightened. In Model 
2, suitable for a frequency range of about 200 to 
500 cycles/sec., the rod and coil are supported by 
a brass disk silver-soldered to four pieces of ;’g-in. 
drill rod. The outer ends of the rods are soldered 
in holes drilled through a heavy brass ring. The 
effective length of the rods in flexure is 2.2 cm. It 


is essential that the moving system be very rigid, 
although light, and that there be no friction where 
the coil moves in the magnetic field. 

In each model, the tube is of glass closed by a 
brass plug, sealed in with litharge and glycerine 
cement, and surrounded by a water jacket. The 
tube and jacket can be lowered for filling and 
emptying; when in use, they are clamped with 
the end of the rod about 1 mm above the plug, the 
depth of immersion being varied by changing the 
volume of solution in the tube. The clamping is 
self-aligning, and the whole mounting must be 
extremely rigid ; earlier designs with less massive 
construction showed anqmalous frequency-de- 
pendent phenomena which were traced to slight 
compliances in the mounting. The vertical sup- 
port rods are screwed tightly into a heavy base 
which rests on sponge rubber. 

The coil is made one arm of an impedance 
bridge (Fig. 3). The driving current is usually 
0.01-0.02 amp. The oscillator is a Hewlett- 
Packard Model 200 CR; the amplifier, some- 
times omitted, is a conventional public address 
system type; R2 is a non-inductive resistance, 50 
or 75 ohms; R; is two General Radio* type 500-H 
resistances, each 1000 ohms, connected in parallel ; 
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Fic. 1. Schematic diagram 
of Model 1 transducer. A, 
loudspeaker; B, Lucite coil 
form; C, suspension wires; 
D, clamps; E, weights for ad- 
justing tension; F, chuck; G, 
aluminum rod; H, tube; I, 
water jacket. Supports of 
speaker and water jacket are 
not shown. 














® Hewlett-Packard Company, Palo Alto, California. 
* General Radio Company, Cambridge, Massachusetts. 
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Fic. 2. Cross-section drawing of transducer Model 2. 


R, is a series of decade resistances, General Radio 
type 510, with additional plug-in resistances and 
a 1-ohm slide wire, totalling 3000 ohms; C is a set 
of decade capacitances, General Radio type 380, 
together with a 0.003 uf variable air condenser, 
totalling 2 uf. When the reactance of the moving 
coil is inductive, C is placed in parallel with R,; 
when capacitative, in parallel with R;. The de- 
tector is a General Radio Type 760A Sound 
Analyzer, preceded by a Kay-Lab Type 102A 
Decade Amplifier.’ The resistance, R, and the 
reactance, X, of the moving coil are calculated by 
the usual methods of a.c. bridges, as described in 
detail elsewhere.* The current through the coil is 
determined by measuring the potential drop 
across R; with a vacuum tube voltmeter. 

For the transducer calculations, it is necessary 
to have either the impedance of the coil when 
motion is prevented by clamping,® or the im- 


7 Kalbfell Laboratories, San Diego, California. 

8 T. L. Smith, Ph.D. thesis, University of Wisconsin, 
1948. 

*W. P. Mason, Electromechanical Transducers and Wave 
Filters (D. Van Nostrand and Company, Inc., 1942). 
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pedance with various masses attached at constant 
frequency.!® Clamping is achieved by a chuck 
(Fig. 1) or a collet (Fig. 2). Variation of mass, 
which is useful only with Model 2 (because added 
mass in Model 1 would change the tension in the 
wires and shift the equilibrium position of the 
coil to a region of different magnetic field in- 
tensity), is achieved by attaching small weights 
to the upper part of the rod with set screws. 


TRANSDUCER CALCULATIONS 
Method 1 


The resistance and reactance of the coil are 
measured while the rod is oscillated (R, X) and 
while it is rigidly clamped (Ro, Xo). The funda- 
mental electromagnetic transducer equation® is 
Zu = (Bl)? XK10-°/(Z—Zp), where Z and Zp are 
the electrical impedances in motion and clamped, 
and Zy is the mechanical impedance of the sys- 
tem, defined as f/z, f being the (complex) driving 
force and « the velocity. In the constant (B/)? 
X10-°, which has the practical units ohm-dyn- 
sec.-cm™, B is the magnetic field strength in 
gauss, and 7 is the length of wire in the coil. 
Separation into real and imaginary parts yields 
the equations used for calculation: 


Ru =(Bl)?(R—Ro) 
X10-°/[(R—Ro)?+(X—Xo)*], (1) 


Xu=—(Bl)*(X—X>) 
X10-°/[(R—Ro)?+(X—Xo)*], (2) 


where Zy=Ryt+iXy. This method is always 
employed with Model 1; the value of Ro is about 
10.6 ohms, and R—R, ordinarily ranges from 0.1 
ohm to several ohms, measured with a precision 
of about 0.01 ohm. 


Method 2" 


When the mass of the moving system is varied 
at constant frequency, the locus of X plotted 
against R is a circle,!° and the coordinates of its 
left intersection with its horizontal diameter are 
Ro, Xo. For Model 2, Ro is about 24.7 ohms, and 
R and X are ordinarily determined with a pre- 
cision of about 0.02 ohms. The value of Ry is 


1 R. D. Fay, J. Acous. Soc. Am. 15, 32 (1943). 
1! We are indebted to Professor R. D. Fay, Massachusetts 


Institute of Technology, for calling our attention to this 
method. 
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most readily calculated by geometry as (B/)? 
X10-°/27, where r is the radius of the circle; Xy 
is obtained from the coordinates of any single 
point on the circle, together with Ry and Xo, 
using Eq. (2). It is unnecessary to know the mag- 
nitude of the added masses; they are simply 
selected to space the points suitably around the 
circle. The points move in a clockwise direction 
with increasing mass. It is impractical to make 
these plots at frequencies much above the me- 
chanical resonance frequency corresponding to 
zero added mass, since here the points are limited 
to the lower half of the circle. Examples of this 
type of plot are shown in Fig. 4. 


Determination of the Constant (Bl)? 10-° 


When measurements are made with the rod 
moving freely in air, X4y=wM—Sy°/w, where w 
is the circular frequency, M is the effective mass 
of the moving system, and S,y’° is the elastance in 
dyne/cm of the mounting. Accordingly, if meas- 
urements are made at different frequencies and 
the quantity —(X —Xo)/[(R—Ro)?+(X —Xo)* Jw 
is plotted against 1/w?, the intercept is M/(B/)* 
X10-%, and the slope is —S,°/(Bl)?X10-*. If 
there is any uncertainty about the effective mass 
of the rod and coil, (B/)?X10-* can be determined 
from the change in intercept when known masses 
are attached. The values for this constant in 
ohm-dyn-sec.-cm~ are 1.0610‘ in Model 1 and 
1.49104 in Model 2. The value of Sy for 
Model 2 is approximately 8X10? dyn cm7; for 
Model 1 it is extremely small. 











Fic. 3. Impedance 
bridge for transducer. 
L.S. is loudspeaker coil. 
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CALCULATION OF VISCOSITY AND RIGIDITY 


The dynamic viscosity 7’ is defined as the com- 
ponent of shear stress in phase with the rate of 
strain divided by the rate of strain, and the 
dynamic rigidity G’ the component of stress in 
phase with the strain divided by the strain.! It 
follows that 

n’ =Ru/a, (3) 
and 
G! = (w?®#M—wXy—Sy°)/a, (4) 


where a is a constant with dimensions of length 
which depends on the geometrical details of the 
shearing.! 

We originally employed a U-tube with an open 
end, following the example of Philippoff.‘ If the 
mechanical resistance of a rod moving axially in 
a U-tube is assumed to be given by the viscous 
drag of the liquid between cylinders plus an 
end effect independent of immersion, then’ 
Ry =2n7n'L/\n(ra/ri) +c, where L is the depth of 
immersion, 7, the radius of the tube, 7; that of the 
rod, and c the end effect; thus 


n' =(dRy/dL) \n(r./r;)/2n, (5) 


and it can be determined from the slope of the 
upper part of the plot of Ry against L (Fig. 5). In 
agreement with the experience of Philippoff, we 
found that the end effect was enormous; more- 
over, it was not represented by a clear-cut 
intercept of a linear plot ; instead, the line curved 
down for small values of Z (Fig. 5), so it was 
difficult to select a truly linear segment of the 

















2 A. Pochettino, Nuovo Cimento 8, 77 (1914). 
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Fic. 4. Examples of circle owe for 20.2 percent polyvinyl 
acetate in cyclohexanone, 25°C, frequency 320 cycles. 
O, L=4.0, Ru =0.427X10*; 1], L=2.2, Ruy =0.241 X 10*; 
A, L=1.2, Ru =0.134X 10. 


upper part of the curve. These difficulties are 
avoided, and the sensitivity of the method is 
greatly increased, by using a closed tube as 
described above. 

The explanation of the curvature in the case of 
the U-tube is qualitatively as follows. With deep 
immersion the liquid displaced by descent of the 
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Fic. 5. Ry plotted against L for oils and honey. O, U- 
tube, oil OB-1; @, closed tube, oil OB-1; ©, closed tube, 
honey; @, closed tube, oil N-13. 
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rod is largely forced around the bend, but with 
decreasing immersion some of it flows back up 
around the rod, resulting in a greater mechanical 
resistance per unit immersion. For very small 
immersions all the displaced liquid flows up, the 
effect being similar to that in a closed tube, and 
indeed the initial slopes for U- and closed tubes 
are approximately identical (Fig. 5). 

For the closed tube, all the displaced liquid is 
of course forced back up. In this case, the liquid 
near the descending rod moves down, while 
farther out near the wall of the tube it moves up. 
The velocity v and velocity gradient dv/dr as 
functions of radial distance are given by 


(ro?-+7;7) In(r/ra) +(r.?—1?) 
v=0; : (6) 
(r_?+-7,7) In(r./r:) — (7.2 —1;?) 


ov r+r?—2r? 


eel (7) 
ar orl (re?+142) In(re/r:) — (ra2—12)] 








where the velocity of the rod is —v;. These equa- 
tions are derived in an Appendix. A plot of the 
functions is shown in Fig. 6. At r=ro the velocity 
is 0, and at r=r; the velocity gradient is 0. 
Neglecting any end effect, it follows (see Ap- 
pendix) that 


oe 2an’L (ro?+7,7)/(r2? —- r;”) 
(2+?) In(re/7:)/(re2?—12)—1 





=a'n'L, (8) 


where a’ 
constant. 

When Ry is plotted against L, the line obtained 
usually strikes the origin; if a small departure is 
observed, 7’ is calculated as (1/a’)dRy/dL. No 
particular significance is attached to the value of 
the intercept, which may reflect a small residual 
mechanical resistance (Ry°) of the apparatus, as 
well as a slight end effect which would be very 
difficult to describe quantitatively. 

It can also be readily shown from Eq. (4) that 
G’ = —(w/a’)dX y/dL. Thus G’ is obtained from 
the slope of.a plot of Xy against L for constant 
(but not necessarily known) mass. Points corre- 
sponding to constant mass are joined by dotted 
lines in Fig. 4. In this case the intercept may be 
substantial because of the contributions to X% 
from inertia and the elastance of the support, 
which are independent of immersion (provided, 


is now a dimensionless apparatus 
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as must be assumed, the inertia of liquid clinging 
to the rod is negligible). In Model 1, r;=0.159 
cm, 7g = 0.285, and a’ = 110; in Model 2,7;=0.159, 
ra=0.279, and a’=121. In both models, ap- 
proximately, r>=0.18 cm and 7r,=0.23 cm. 


ILLUSTRATIVE RESULTS 


Only a few illustrative data will be given here, 
reserving systematic studies, correlations with 
other methods, and interpretations of the data 
for subsequent papers. 


Behavior of Liquids of Low Molecular Weight 


For a liquid which does not contain polymer 
molecules, there should be no distinction between 
n’ at audio frequencies and 7, the viscosity in 
steady flow. Accordingly, measurements were 
made on a sample of honey and two viscous oils 
furnished by the Bureau of Standards. Repre- 
sentative plots of Ry against L are shown in 
Fig. 5. Values of »’ calculated from the slopes of 
such lines are compared in Table I with the 
steady flow viscosities as provided by the Bureau 
of Standards or measured by the falling ball 
method. The agreement is satisfactory except for 
oil OB-1, which may not be a simple low molecu- 
lar weight liquid inasmuch as its viscosity slowly 
increases with time. The indicated accuracy is 
adequate for preliminary study of the phenomena 
observed in polymer solutions as _ illustrated 
below. 


Behavior of Concentrated Polymer Solutions 


The concentrated solutions of linear polymers 
thus far investigated fall roughly into two classes: 
those in which 7’ is of the same order of magni- 
tude as 7, but falls off with increasing frequency ; 
and those in which 7’ is very much smaller than 7. 

The first type of behavior is illustrated in 
Fig. 7 for a 20.2 percent solution of polyvinyl 
acetate (unfractionated, number-average molecu- 
lar weight" 128,000) in cyclohexanone. The 
steady flow viscosity (falling ball) is 21.8 poises; 
the dynamic viscosity is nearly equal to this at 32 
cycles/sec., but falls rapidly with increasing fre- 
quency. At the same time, the dynamic rigidity, 

18 We are indebted to Mr. G. V. Browning for this value. 
The polymer (AYAX, lot 1232) was kindly furnished by 


Mr. A. K. Doolittle, Carbide and Carbon Chemicals 
Corporation. 
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TABLE I. Comparisons of dynamic and steady flow 
viscosities of ordinary liquids at 25°C. Dynamic viscosities 
calculated from measurements in closed tube (Eq. 6) except 
where otherwise indicated. 











Transducer Frequency 1 ” 
Liquid model cycles /sec. poises poises 

Oil N-13 1 40 10.4 8.98 

1 160 11.4 

2 200 9.2 

2 250 9.4 

2 320 9.5 

2 400 9.2 
Honey 2 320 49.3 51.15 
Oil OB-1 2 320 195 254> 

199¢ 








® Value given by Bureau of Standards. 

b Determined by falling ball method. 

e —_— from measurements in U-tube at deep immersions 
iq. 5). 


which is by definition zero in steady flow, is ex- 
tremely small at 32 cycles/sec., but rises rapidly 
with increasing frequency and attains a value of 
1.15X10* dyn/cm? at 400 cycles/sec. These 
changes represent a striking example of the 
transition from liquid-like to solid-like behavior. 

The second type of behavior is illustrated in 
Fig. 8 for solutions of polyisobutylene (unfrac- 
tionated, viscosity-average molecular weight"* 
1,200,000) in xylene. The dynamic viscosity is 30 
to 500 times smaller than the steady flow vis- 
cosity; their ratio is smallest for the most 
concentrated solution, and it falls off with in- 
creasing frequency as before. The dynamic rigidi- 


velocity gradient 
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| 
l Lasts of tube 














% % t Ta 


Fic. 6. Schematic plot of velocity and velocity gradient be- 
tween rod and tube. 


4 J. N. Ashworth and J. D. Ferry, J. Am. Chem. Soc. 
(in press). The polymer (303-92-1) was kindly furnished by 
Dr. John Rehner, Jr., Esso Laboratories. 
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TABLE II. Results of transducer measurements on solu- 
tions of polyisobutylene in xylene at 25°C; comparison 
with data from transverse wave propagation (see refer- 
ence 14). 








GC’ GC’ 
Transducer Waves* 7 7 
Conc. n dyn/cm? dyn/cm? Transducer> Waves*.> 
wt. % poises x<10-* x<10-* poises poises 
10.5 145 0.65 0.63 2.6 >1.0 
12.5 429 1.02 1.03 3.3 >1.7 
16.7 1425 2.74 2.48 5.5 4.1 
18.6 2780 — 3.26 6.1 aa 








* Calculated assuming a plane wave in an infinite medium,' with A/xo, 
the damping index, estimated as 1.0. 
> At a frequency of 320 cycles/sec. 


ties of these solutions are sensibly independent of 
frequency ; they are summarized in Table II and 
shown to be in satisfactory agreement with 
values derived from wave propagation measure- 
ments.'* The values for steady flow viscosity are 
also given in Table II, together with rough esti- 
mates of the dynamic viscosity obtained from the 
damping of transverse waves, which, considering 
the uncertainty inherent in damping measure- 
ments, again confirm the transducer results quite 
satisfactorily. The concurrence of the twoentirely 
different methods is gratifying. 


Significance of the Behavior of 
Polymer Solutions 


The only data in the literature with which 
Figs. 7 and 8 can be compared are those of 
Philippoff* for solutions of cellulose acetate in 
dioxane ; in his more dilute solutions the behavior 
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Fic. 7. Frequency dependence of ’ and G’ for 20.2 percent 
polyvinyl acetate in cyclohexanone at 35°C. 
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of n’ at audio frequencies resembled Fig. 7, and in 
his more concentrated solutions, Fig. 8. 
Qualitatively, the Maxwell element with spring 
(G) and dashpot (7) in series'* explains all these 
results. For this mechanical model, in the fre- 
quency range where w~G/n, with increasing 
frequency 7’ falls from » toward 0 and G’ rises 
from 0 toward G, as in Fig. 7. In the frequency 
range where w>G/n, G’ is almost equal to G, and 
n' Kn; 7’ still decreases with increasing frequency, 
as in Fig. 8. Probably the only distinction be- 
tween the two types of behavior cited is that in 
the first there is a principal zone of dispersion at 
audiofrequencies, while in the second the dis- 
persion zone lies well below the frequency range 
covered experimentally. With increasing concen- 
tration, the dispersion is shifted to lower fre- 
quencies. For a quantitative fitting of these data, 
however, the Maxwell element is inadequate, and 
more complicated models must be employed.!* 
From a molecular standpoint, the rigidity may 
be attributed to a transient network structure 
formed by temporary entanglements of the linear 
molecules, in some cases perhaps enhanced by 
associative forces.'5 The frequency range in which 
the principal dispersion zone falls, corresponding 
to the transition between elastic deformation of 
the network structure (G’ substantial, »’ small) 


_and steady flow (G’ zero, 7’ large), will be de- 


termined by a number of factors, including the 
extent of overlapping of the individual polymer 
coils and their rates of diffusion relative to each 
other. 


CRITIQUE OF METHOD 
Range of Frequencies and Consistencies Covered 


The transducers can be used over frequency 
ranges not too far removed from their respective 
mechanical resonance frequencies. The resonance 
frequency is vo=(Sy/M)!/2x, where Sy=Sx° 
+a’LG’; the values in air (G’=0) are 10 
cycles/sec. for Model 1 and 400 cycles/sec. for 
Model 2. The presence of a sample with sub- 
stantial rigidity G’ does not change the resonance 
frequency of Model 2 very much, but may raise 
that of Model 1 to as high as 150 cycles/sec. 

Measurements at the exact resonance fre- 
quency are to be avoided because the amplitude 


16 J. D. Ferry, Bur. Stand. J. Research 41, 53 (1948). 


JOURNAL OF APPLIED PHYSICS 


























of vibration may be excessive and the bridge 
balance somewhat unstable. On the other hand, 
at frequencies too far from the resonance fre- 
quency the difference R—Rp» appearing in Eqs. 
(1) and (2) becomes too small to measure accu- 
rately. The breadth of the band of usable fre- 
quencies is approximately proportional to Ry 
and inversely proportional to (17S). Thus it is 
always advantageous to keep the mass small. It 
is better to have Sy also small, but in an appa- 
ratus designed for high frequencies this is not 
possible ; thus, for Model 2 the usable frequency 
range is considerably smaller (on a logarithmic 
scale) than for Model 1. From the standpoint of 
the breadth of frequency band it is better to have 
Ry large, but from the standpoint of the magni- 
tude of the difference R—Rp near the center of 
the band it is better to have Ry small (Eq. (1)). 
It follows that liquids of low viscosity can be 
measured more accurately but over a narrower 
frequency range than liquids of high viscosity. 
For practical purposes, the frequency limits have 
been 30-200 cycles/sec. for Model 1 and 200-500 
cycles/sec. for Model 2; the range of values of 7’ 
which have been measured is roughly 1 to 200 
poises ; the range of values of G’ is roughly 10* to 
105 dyn/cm? for Model 1, and 104 to 10° dyn/cm? 
for Model 2. 


Magnitudes of Displacement, Shear, Velocity, 
and Rate of Shear 


The maximum vertical displacement of the rod 
and coil is |x| =V2BlZX10-'/w|Zy|, where J is 
the r.m.s. current through the coil; the maximum 
velocity is |#| =V2BIl7X10-'/|Zy|. In typical 
experiments with J=0.01 amp., |x| varies from 
4X10-* cm to 10-* cm; || varies from 0.3 to 6 
cm/sec. By decreasing J when |Zy| is decreased 
(at low viscosities or shallow immersion) the 
velocity can be kept below 1 cm/sec. if desired. 

The shear, 0x/dr, and rate of shear, 0z/dr 
=0v/dr, are greatest at the surface of the rod 
(r=r,). From Eq. (7) it follows that 


(0v/0r)r=r;=0,(r_2—172)/ri{ (r2+r?) 

XIn(re/r i) — (ra? —7 7) ] = Ko. 
The constant K is about 60 cm for both trans- 
ducers. Noting that dx/dr = (0z/0r) /w, it is found 


by setting v;=|z| that the maximum shear in 
typical experiments varies from 0.02 to 0.1 and 
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Fic. 8. Frequency dependence of »’/n for solutions of 
polyisobutylene in xylene at 25°C. The figures opposite the 
curves denote concentrations in weight percent. 


the maximum rate of shear, or velocity gradient, 
from 20 to 300 sec.—'. They can be kept near the 
lowest of these respective values if desired. 

The shear values are quite small, and there is 
no reason to expect non-Hookean elasticity due 
to excessive distortion of the molecular entangle- 
ment. The rates of shear, although not extremely 
high, are in the range where non-Newtonian 
effects appear in concentrated polymer solutions 
in steady flow. However, it is likely that in small 
oscillating deformations higher rates of shear can 
be tolerated than in steady flow without en- 
countering a non-linear relation between stress 
and rate of shear; the stresses involved are 
smaller because 7’<n. Evidence for this view- 
point follows. 


Absence of Non-Linear Effects 


If enormous complications in the interpreta- 
tion of data are to be avoided, experimental 
conditions must fulfil as nearly as possible the 
requirement that the real and imaginary parts of 
the driving force be linear in the strain and rate 
of strain respectively, i.e., that G’ and 7’ be inde- 
pendent of the amplitude of vibration at constant 
frequency. 

In several cases this requirement has been 
tested by varying the driving current, and hence 
the amplitude, at constant frequency. In one 
series with oil N-13, measurements were made at 
320 cycles/sec. with transducer Model 2 at 
driving currents of 0.0025, 0.005, 0.01, and 0.015 
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amp. For each value of current, the amplitude 
actually varied depending on the immersion and 
on the amounts of added mass used in constructing 
circle plots. Nevertheless, the four circle plots 
and the linear plots of Ry against L were almost 
identical; the values of 7’ calculated from these 
data were, respectively, 9.7, 9.7, 9.5, and 9.5 
poises. This indicates that there are no non-linear 
effects inherent in the apparatus. A few isolated 
tests with polymer solutions have also shown no 
dependence of y’ on driving current. 

‘The fact that in measurements with constant 
current the amplitude actually varies with im- 
mersion and mass permits additional evidence to 
be adduced for the constancy of G’ and 7’. If these 
quantities depended on amplitude, the plots of X 
against R in Method 2 would not be circular, and, 
moreover, the plots of Ry and Xy against L 
would not be linear. It is concluded that within 
the accuracy of the method we are dealing with 
linear viscoelastic behavior’? in the systems 
studied. 


Neglect of Inertia of the Sample 


In the mechanical and hydrodynamic calcula- 
tions no account has been taken of the inertia of 
the sample. There are two possible sources of 
error in this neglect: (1) some of the solution, 
clinging to the rod, may add to its mass so that 
the inertia contribution to Xj will not be inde- 
pendent of immersion, thus introducing an error 
in the calculation of G’ from a plot of Xy against 
L; (2) if the inertia of the solution is sufficient to 
set up an incipient transverse wave in the gap 
between rod and tube, the hydrodynamic calcu- 
lations given will not be adequate. 

The relative magnitude of the first error is 
gauged by comparing wd M/dL with a’G’/w, where 
dM/dL is the increase in effective mass with 
immersion due to clinging of liquid. If the entire 
cylindrical shell which moves in the same direc- 
tion as the rod, between r; and ro (Fig. 6), is as- 
sumed to add to the inertia, dM/dL=0.02 g/cm; 
this is probably an overestimate. Such a value for 
@M/dL could introduce a negative error of 10 
percent in G’ at 400 cycles when G’ is about 10* 
dyn/cm*. The agreement of G’ values calculated 
from transducer and wave measurements in a 
number of cases (e.g., Table II) indicates that 
the error is no greater than this. Since the relative 
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error is proportional to the square of the fre- 
quency, it may be ignored at low frequencies. 
However, it may set an upper limit to the usable 
frequency range for calculations of G’. Fortu- 
nately, it does not affect the calculation of 7’. 

The second source of error can be disregarded 
if the thickness of the sample subjected to shear 
is less than (n’/pw)' or less than (G’/p)!/2w, as 
pointed out elsewhere.' For this calculation, the 
sample mav be regarded as two shells of thickness 
ta—11=0.05 cm and r;—7r;=0.07 cm which are 
being sheared in opposite directions (Fig. 6). In 
the polyvinyl acetate solutions (Fig. 7) at low 
frequencies (n’/pw)! is about 0.3, so the first 
inequality is satisfied. At high frequencies both 
(n’ /pw)* and (G’/p)*/2w are about 0.03, so neither 
equality is quite satisfied; a rough calculation 
indicates that in this case both 7’ and G’ will 
appear to be somewhat too large. 


Comparisons with Other Methods 


In certain cases different methods for meas- 
uring G’ and 7’ of concentrated polymer solutions 
may be preferable to our transducers; while in 
other cases the transducers have advantages not 
possessed by any other method. In contrast to 
the Philippoff apparatus,‘ the transducers pro- 
vide measurements of G’ as well as of n’ ; measure- 
ments can be made over a range of frequencies, 
spaced as closely as desired, without mechanical 
adjustments to change the resonance frequency ; 
the amplitude of oscillation is smaller; and the 
electrical circuit is simpler. However, the values 
of 7’ obtained appear to be somewhat less precise 
than those of Philippoff. In comparison with the 
methods of Goldberg and Sandvik'* and Van 
Wazer and Goldberg,!’ which, like Philippoff’s, 
depend on resonance effects, the transducers 
cover a different frequency range; the Goldberg 
devices are adapted to the range from 5 to 50 
cycles/sec. They are inoperative if the mechanical 
loss factor (wn’/G’) is too high. In comparison 
with the wave propagation method,? the trans- 
ducers give much more reliable measurements of 
n’, and they provide measurements of both »’ and 
G’ below the principal zone of dispersion where 


( 16 ay Goldberg and O. Sandvik, Anal. Chem. 19, 123 
1947). 

17 J. R. Van Wazer and H. Goldberg, J. App. Phys. 18, 
207 (1947). 
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wave propagation fails because of extreme 
damping. However, transducer measurements of 
G’ above the principal zone of dispersion are less 
reliable than wave measurements. The transducer 
and wave methods complement each other quite 
satisfactorily, and by combining them it should 
be possible to determine both G’ and 7’ for 
polymer solutions over a considerable frequency 
range. 
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APPENDIX 


Mechanical Resistance of a Rod Moving Axially 
in a Closed Tube of Viscous Liquid™® 


A rod of radius 7; is immersed to a depth L in a liquid of 
viscosity 9 contained in a tube of radius rz, closed at the 
bottom. When a force f is applied to the rod, it will move 
down with velocity —v; (negative because it is opposite to 
the net movement of liquid (Fig. 6)). The velocity of the 
Squid, «, v, is described by the general integral for Poiseuille 


18 "48 This p — was treated by Lawaczeck (Z. Ver. 
deutscher Ing. 43, 677 (1919)) for the my peeneree of a 
very narrow gap between rod and tube; 


1s approximation 
is inadequate for our purposes, however. 
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flow :19 


= —pr*/4nL+(A/2m7L) Inr+B, 


where p is the increase in pressure at the bottom of the tube 
which is responsible for the upward displacement. The 
constants A and B are determined by our boundary con- 
ditions: v=0 at r=r, and v= —»; at r=r;. Thus 


v=(p/4nL)(r.?—r*?)+[In(r/ra)] 
X [ui t+(p/4nL)(re?—1;?) ]/In(re/ri). (9) 


Since the volume of liquid displaced by the end of the rod 
must be equal to the volume forced up around the rod, 


ux7? = f e v-2xrdr. Evaluating and solving for p, 


p=4nLv;/[ (ra? +1;*) In(ra/ri) — (ro? — 1?) ]. (10) 


By substituting (10) in (9) and differentiating with respect 
to r we obtain the equations previously cited, (6) and (7). 
The force f is equal to the viscous drag of the adjacent liquid 
plus the hydrostatic force on the bottom of the rod. The 
former is the product of the velocity gradient, the area 
immersed, and the viscosity; the latter is the product of the 
pressure and the cross section area of the rod: 


f =2x17,Ln(0/dr)r =r, +2777. 
From (7) with r=r; and (10) we find 


ae 2anLvi (ra? —1;?) 4 2anLy; 
f=Fottre) In(ro/ri) — (ra? —1:7) | In(ra/r7i) © In(re/ri) 


By definition, Ru =f/v;; hence, with rearrangement, 


2anL (ra? +r1:?)/ (ra? 1:7) , 
(rat-tre) InGro/ra)/ (re?) 1? 


For cyclic deformations, since Ry is defined as the force in 
phase with velocity divided by velocity, the above holds 
with substitution of ’ for 7 (Eq. (8)). 

If the force and viscosity are considered as complex 
(n=n’—in’’), the above equation holds with Zm and n 
substituted for Ry and 7, and it follows from the relation! 

=G'/w that G’= —(w/a’)dXy/dL. 

A somewhat similar problem has very recently been 
treated by Bikerman.?° 

19 Page, Theoretical Physics (D. Van Nostrand and 


Com ny, Inc., New York, 1935), p. 259. 
% 3 Bikerman, ae Colloid Sci. 3 , 75 (1948). 


(11) 
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Density and Packing in an Aggregate of Mixed Spheres 


DouGLas RENNIE Hupson 
Higher Teachers’ College, Baghdad, Iraq 


(Received July 3, 1947) 


It is shown that in close packing of spheres, two types 
of interstice exist, bounded by six and by four convex 
spherical surfaces. These are termed “square’’ and “tri- 
angular.”” They are connected by a continuous labyrinth 
through which a ball not exceeding (2/vV3—1)r in radius 
can be threaded. In both cubic and hexagonal arrange- 
ments, their shape and size are identical, but their dis- 
tribution differs. Radii R for n smaller balls, which can 
take up patterns with cubic symmetry within each square 
interstice, are calculated for values of m up to 27 and 
plotted. The expression 


(R/r)=(vZ—1)/nt 


is used as a test for efficiency of packing. 
When R/r is plotted against the density increment at- 


tributable to this interstitial packing, a set of spires is 
obtained. At »=8 and n=9 (R/r being, respectively, 
0.2289 and 0.2166) twin peaks of 13 percent and 12 percent 
appear, which are accentuated by first entry of a sphere 
into the triangular interstice at R/r=0.22475; this con- 
tributes another 3 percent. The peak of 16 percent at 
n=21, R/r=0.1782, is also reinforced by first entry of 4 
spheres in a body-centered tetrahedron at 0.1716, which 
gives an additional 6 percent density increment. Applica- 
tions to bulk storage, ceramics, and interstitial compounds 
and solid solutions are considered. None of the special 
packs gives a density increment (@Asquare +OAtriangular)/A 
even approaching the 26 percent for fine spherical filler 
close packed in the interstices. 





PART altogether from theoretical interest 

in the study of metallic solid solutions,! 
packing of unequal spheres is important in 
handling industrial substances, e.g., a mixture 
of two sizes of oranges, or sago, or nickel shot. 
Recently, considerable interest has been taken 
in the density of aggregates of less regular sub- 
stances, for instance, coal and iron ore.?~* Less 
directly, the question is of importance in indus- 
trial sieving and grading, ore dressing, concrete 
technology and soil physics,5*7 and in all proc- 
esses of grinding by attrition, whether they con- 
cern cement in a tube mill, auriferous quartzite 
on the Rand, or silver ore in a primitive Mexican 
arrastra. 

The present communication summarizes a 
theoretical investigation of smaller spheres in- 
troduced into interstices of an array of spheres 
in close packing. Very interesting results have 
been obtained for the radius ratio, the number 
that can be introduced, and the consequent 


1D. R. Hudson, J. App. Phys. 17, 1126 (1946). 

2H. T. Horsfield, J. Soc. Chem. Ind. 53, 107T (1934). 

*R. L. Brown and P. G. W. Hawksley, Nature 156, 421 
(1945). 

4D. R. Hudson, Machinery 70, 617, (1947). 

5R. R. Litehiser, “Effect of moisture in sands in pro- 
portioning concrete mixtures,”’ Concrete (1925) (not seen). 

*A. E. R. Westman and H. R. Hugill, J. Am. Cer. Soc. 
13, 767 (1930). 
( 7H. E. White and S. F. Walton, J. Am. Cer. Soc. 20, 155 

1937). 
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rise in the density of the aggregate 0A/A equal 
to n(R/r)'. , 


1. COORDINATION NUMBER 


Regular close packing of spheres is possible 
in two ways, cubic and hexagonal, and four 
mixtures of these, but the number of types of 
true close packings is unlimited. Although the 
unit cells (the bricks of which they are composed) 
are not identical, they are very similar. In each 
the coordination number, or number of spheres in 
contact with any given sphere, is twelve. This is 
familiar to everybody, but it is not so generally 
appreciated that these twelve are not, in fact, dis- 
tributed regularly around the central sphere.'**® ® 
Figures 1A and 1B are photographs of the same 
close packing from two viewpoints. Interstices 
between the spheres are bounded alternately by six 
and by four spherical surfaces. By analogy from 
spherical trigonometry these might be termed re- 
versed spherical cubes and reversed spherical tetra- 
hedra. We may conveniently, if incorrectly, call 
them “square” and “triangular” holes. With 
every sphere, one square and two triangular 
holes are associated. Whether the original close 
packing is cubic or hexagonal or a mixed packing 


8 D. R. Hudson, Proc. Leeds Phil. Soc. 5, 73 (1947-48). 
*L. C. Graton and H. J. Fraser, J. Geology 43, 785 
(1935). 
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merely alters the distribution of the two types, 
not their nature or size. 

“We proceed to insert, in turn, 1, 2, 3,4, 5---n 
equal smaller balls into each square hole, and to 
calculate the radius R in terms of the radius 7 
of the spheres in the original array (R<r), by 
straightforward, if tedious, solid geometry (Fig. 
5). From Figs. 1A and 1B the triangular inter- 
stice is much the smaller, so that in the first 
place we need not consider it. But as the number 
of balls in each square hole increases, and their 
diameter decreases, we eventually reach at 
0.22475r a size small enough for a single ball to 
be inserted in each triangular hole. So long as R 
exceeds this, the triangular holes can contribute 
no increment to the density. 


2. EFFECTIVE DENSITY OF THE PACK 


The effective density of the original close 
packing is the ratio: 


volume of spheres 





total volume 


volume of spheres 


(volume of spheres+volume of interstices) 





The volume of a sphere is 42r°/3, and that of 
the space associated with each 8r*/3, giving an 
effective density of #/3v2 or 0.7405. 


3. SYMMETRICAL PACKING WITHIN A 
SQUARE INTERSTICE 


Density Increments for Values of n up to 9 


n=1:For a single ball in each square hole 
R= (v2 —1)r=0.4142r almost by inspection, and 
the increment in density 0A/A is obviously 
nR*/r® or (0.4142)’, i.e., 0.07106. To the eye this 
packing appears good. 

n=2: For two balls in each square hole—lying 
along the cube diagonal—R, from the equation 
2R(V2/3+1)=r, is found to be 0.2753r. The 
poverty of this pack, apparent on visual ex- 
amination, is confirmed on calculation, the in- 
crement in density being only 0.04170. 

n=3: No symmetrical arrangement is possible. 
Though a formal proof is elusive, it is believed 
that three balls cannot be inserted without re- 


ducing the radius to such a value that four can 
enter. 
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n=4: This pack also appears poor. To give 
maximum symmetry the balls must lie along 
diagonals in parallel faces, crossed at right 
angles. From the equation r?—4rR+ R?/2=0, 
R=0.2583r, and the increment in density is 
0.06896. Despite apparently poor packing, it is 
very nearly the same as that given by a single 
ball in each square interstice. 

n=5: No symmetrical packing is possible that 
will not admit a larger number of balls. 

n=6: This case is very interesting. By in- 
spection R=(v2—1)r/(v2+1) or 0.17157r. This 
surprisingly low value has no meaning, since 
with this radius a larger number of balls can be 
packed into the square hole. A later calculation 
will show us that this is as high as 21 at least. 

n=7: For any symmetrical packing the re- 
marks under ‘“n=6” apply with even greater 
emphasis. 

n=8: This is obviously the best pack yet 
made. The balls tuck into the open corners 
while the void at the center remains small. 
From the equation r?—27rR(v2+1)+2R?=0, 
R=0.22885r, and the density increment of 
0.09590, the highest yet obtained, confirms our 
expectations. 

n=9: This pack is a modification of the for- 
mer, with an additional ball at the center, each 
corner ball being displaced outwards diagonally 
by the small amount necessary to accommodate 
it. To the eye the pack appears fairly close and 
the central void is filled by the new introduction. 
Thus, @ priori, one might expect an increment 
slightly larger than that for »=8. From ?r 


—2rR(2V2/3+1)+3R?=0, R is found to be 
0.21663r. The corresponding increment in den- 
sity is 9X (0.21663)* or 0.09150. This pack corre- 





(A) “Square” interstice. 


(B) “‘Triangular”’ interstice. 


Fic. 1. Showing two layers of a Barlow close packing. 
Until the third layer is added it is impossible to say whether 
cubic or hexagonal close packing will develop. 
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TaB_e I. Showing the limiting (smallest) radius for 3* 
and derived packs within a square interstice. 











Location R/r for #* R/r for (38 —1) R/r for (38 —6) 
Corner 0.1742 Slightly larger 0.1782 
than in 3* 
Center of face 0.1516 0.1547 0.1833 
Center of edge 0.13807 0.1716 Removed 











sponds to the unit cell of the body-centered cube 
as usually drawn. 


Density Increments for n= 14, 16, and 17 


For m=10, 11, 12, and 13, we have been un- 
able to devise packs with cubic symmetry which 
will not accommodate a greater number. 

n=14: This corresponds exactly with the unit 
cell for cubic close packing as usually drawn; 
one would expect it to give a good density in- 
crement. Four corner balls and the one lying 
midway between them have centers in one plane. 
The bounding sphere will obviously touch the 
ball in the center of the face just where its own 
bulge is greatest (the corresponding value of R 
is 0.1716r, as with six balls), but will not touch 
corner balls. We shall define such a pack, in 
which the bounding spheres are not in contact with 
all interstitial _balls, as slack, and the case where 
they are in contact with sufficient balls to present 
movement, as tight. A slack aggregate would 
rattle on shaking (like a Cox’s Orange Pippin) 
and the term has no connection with ‘‘close pack- 
ing.”’ In this particular pack the point is very 
easy to grasp, and the density increment is 
(0.1716)* X14 or 0.07074. In more complicated 
arrangements it may not be so easy to eliminate 
contacts by inspection; one must then calculate 
values of R for various positions. Where these 
are not equal (as will generally be the case) the 
lowest must be taken since the pack is slack. 

n=15: In this pack, corresponding to the 
former with an additional ball at the center, R 
is reduced to (V2—1)r/3, or 0.13807r. Even with 
simple cubic packing, 27 balls of this size can be 
introduced, and with re-arrangement many 
more. The case is analogous with that of »=6. 

n=16: Two concentric sets of eight balls. 
Although the original eight gave such a good 
density increament (0.09590) this double-eight is 
not nearly so promising to the eye in view of the 
large vacant space. From the equation r?—2rR(1 
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+2+42V2/3)+R(6+4v3) =0, R=0.16933r, giv- 
ing a density increment of 0.07768. 

n=17: Here the pack is similar, with an extra 
ball introduced into the central void, and corre- 
sponding displacement of other balls diagonally 
outward. From the equation r?—2rR(1+4V2/3) 
+15R?=0, R=0.16517r, and the corresponding 
increment is 0.07660. 


Density Increments for n=27, 26, and 21 


n=27: The next primitive cube has 3° balls, 

(R/r) is (V2—1)/3 or 0.13807; packing is obvi- 
ously very loose as is confirmed in the low value 
of 0.07108 for d4/A. In this arrangement, as 
with n=14, contact is obviously between the 
ball at the center of each face and the bulge of 
the spherical bounding surfaces. In Table I (R/r) 
is calculated for contact of the bounding spheres 
with balls in the following positions in the 3° 
arrangement: 

(a) corner, 

(6) center of edge, 

(c) center of face. 


Values of (R/r) decrease in this order; if the 
balls be considered fixed, a bounding sphere 
drawn in contact with four corner balls would 
cut those in the centers of the edges and the 
centers of the faces. 

n=26: We should get a much better pack if 
each face were “dished” by removing a single 
ball from the center of the cube, and pushing 
inward that in the middle of each face, to fill 
the space. The result is a considerable increase 
in (R/r) for the ball at the center of the face, 
from 0.1381 to 0.1716; clearly this is no longer 
the limiting ball. The radius of the corner ball 
is hardly affected and that at the center of the 
edge not very.much, (R/r) being changed from 
0.1516 to 0.1547. This is now the limiting factor, 
since the packing is slack. The corresponding in- 
crement in density is 26(0.1547)* or 0.09626. 

Consideration shows that a pack with good 
density increment will have the following char- 
acteristics: 


(a) dished faces, 
(b) balls tucked into the spacious corners where 
the convex spherical surfaces sweep back. 


Physical intuition might have told us as much, 
but how deceptive this may be! 
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These conditions are satisfied by the good 
packs given by 8, 9, and 26 balls, as shown by 
the high density increments of 0.09590, 0.09150 
and 0.09626, respectively. There is actually a 
third condition—that the arrangement within 
the interstice shall approximate to close packing, 
but in our treatment there are not enough 
even to approach this. 

n=21: An alternative variation is to remove 
one ball from the center of each face and allow 
the remainder to accommodate themselves in a 
hopper-faced cube. We are not then concerned 
with contact between the spherical boundaries 
and the ball in the center of each face, but must 
compute (R/r) separately for the ball at the 
corner, and at the center of each edge. These 
are found, respectively, to be 0.17824 and 
0.1835, so that the density increment is 21 
(0.17824)*, or 0.11892. This is the best increment 
we have yet attained for interstitial packing in 
the square holes. 

Horsfield? has investigated theoretically the 
effect of inserting into a close-packed array suc- 
cessively smaller spheres just large enough to 
fill the interstices. Table II is calculated from 
his results. 

Thus, by using spheres of five sizes, an effect- 
ive density 115 percent of that of the original 
close-packed aggregate can be attained. This 
very complicated pack has a voidage of 14.9 
percent. If its interstices were filled with ma- 
terial fine enough to be in close packing, a 
further density increase of (14.9 percent X0.76) 
or 11.3 percent would be possible—a total in- 
crement of 26.2 percent with corresponding 
voidage of 3.9 percent. 


4. SYMMETRICAL PACKING WITHIN A 
TRIANGULAR INTERSTICE 


n=1: The largest ball able to enter a tri- 
angular hole has a radius 0.22475r. Since there 
are two such interstices for every sphere in the 
aggregate, a density increment of 1(0.22475)* x2, 
or 0.0227, is attributable to them. At this value, 
eight balls can enter every square interstice in 
a slack degenerate 2* pack, giving an increment 
of 8(0.22475)* or 0.09083. Since density incre- 
ments are additive, it is better to consider 
separately that due to triangular holes. 

n=4: As R/r decreases, the increment in 
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TABLE II. Density increments and voidages theoretically 
attainable in complex packs (after Horsfield’s data). 











Cumula- Voidage 
Incre- _tivein- in mixed 
No. of ment in crementin aggre- 
grades Type of pack R/r Nr density density 
1 Original array 1 0 _ 26% 
2 sphere in sq. interstice 0.4142 1 0.07106 0.07106 20.7% 
3.661 want in triangular in- 
0.22475 2 0.02272 0.09378 19.0% 
4 8 ae in pockets sur- 
rounding sphere in 


square interstice 0.175 8 0.04288 0.13666 15.8% 
4 spheres in ets sur- 
rounding sphere in tri- 
angular interstice 0.117 8 0.01281 0.14947 14.9% 


iJ 








density diminishes until R/r=0.1716, at which 
four balls can enter each triangular hole. Conse- 
quently, at this point there is a fourfold rise in 
the increment to 0.040424. The packing in the 
square hole accommodating twenty-one balls 
in hopper-faced cube arrangement has (R/r) 
=0.1782. At the point where four balls enter the 
triangular hole, the density increment con- 
tributed by the square hole is_ therefore 
21(0.1716)* =0.0106113. 

n=5: We might term this a body-centered 
tetrahedral pack. R/r is found to be 0.14208, and 
the corresponding increment from the triangular 
interstice is 5(0.14208)*X2 or 0.02868. 

For a greater number of balls other patterns 
could be devised, but it does not seem worth 
while to go much further, especially as 0.14208 is 
very near the value 0.13807 for 3* balls in simple 
cube formation, at which we left off calculation 
for a square interstice. 


























10 N 20 


Fic. 2. Relation between the radius ratio (R/r) and 
the number N of balls of radius R which can be inserted 
symmetrically into the “square” interstice in an exis ting 
close cking of balls of radius r. The heavy line (1 — v2) / 
is included for comparison, as a semi-absolute datum. 
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5. DISCUSSION 


Efficiency of Packing in the Square Interstices 


Values of are plotted against (R/r) in Fig. 2. 
Since these are necessarily integral, it is not 
legitimate to draw a curve through the points, 
or even to join them by straight lines though 
5.163 balls per square hole may, of course, have 
a perfectly clear statistical meaning. For com- 
parison, some standard is necessary. A curve 
with values of R/r proportional to n-? has 
therefore been drawn through the point for 
n=1. On first sight this should pass through 
all points for which is a cube; in fact it will 
pass only through odd values. For instance, the 
pack of 2° is much better than would be given 
by this relation. Odd values of simple cubic 
packing give only poor density increments. 

It would be better if there were some more 
absolute standard for packing efficiency. In the 
original close-packed lattice voidage is (1—7/ 
3v2) or 0.26. If this were wholly filled with 
spheres fine enough to render boundary effects 
negligible (the exact converse of what we have 
so far discussed), the actual increment in density 
would be (2#/3v2)(1—2/3v2), or 0.1924, making 
d4/A equal to (1—23v2) or 0.26. Both square 
and triangular interstices are contributors to 
this value, and for a more absolute comparison 
curve in Fig. 2 one needs to know their relative 
volumes. Since they are interconnected by pass- 
ages bounded by three convex spherical surfaces 
in one vast labyrinth, it is quite out of question 
to delimit a boundary between them. However, 
one can justify a semi-absolute partition on the 
basis of relative number of balls for a fairly small 
value on m, a good pack being chosen in each case. 

(a) When (R/r) =0.1782 there are 21 balls in 
each square hole, when (R/r) =0.1716 there are 
4 balls in each triangular hole. The ratio of den- 
sity increments is then 


21(.1782) 0.11886 


4(.1716)* x2 0.040424 


(6) When (R/r) =0.2288 there are 8 balls in 
each square hole, when (R/r) =0.22475 there is 
1 ball in each triangular hole. The ratio of density 
increments is then 


8(.2288)? 
1(.22475)*X2 





= 2.94. 





VOLUME 20, FEBRUARY, 1949 








Fic. 3. Pack of 21 balls in a square interstice illustrating 
the calculation of R/r for ball D at the center of the original 
cube edge. The diagram is for illustration only and does 
not represent a section through the centers of the larger 
spheres. The point B is the center of the interstice. 


If we take 3 to be a reasonable partition, the 
increment in density attributable to the square 
holes is 
2X(1—2/3v2), or 0.195, 
which gives 
n(R/r)?=0.195, 


i.e., the comparison curve becomes 
(R/r) =0.580n. 


Using unit cell planes for delimitation, Graton 
and Fraser in 1935 calculated a volume ratio of 
0.716/0.284, or almost exactly 2.5; if we accept 
this convention, the factor becomes 0.571. On 
either basis it is clear that the curve drawn in 
Fig. 1, through »=1, is too low. So far as an 
absolute comparison is possible, therefore, none 
of our special packs gives a density increment 
even approaching that to be expected from close 


packing of the interstices with very fine spherical 
filler. 


Computation of R/r 


Calculation of R/r depends only on intelligent 
application of Pythagoras’ theorem. For such 
simple geometry one illustration will suffice. 
Figure 3 shows the pack of 3'—6 balls in a 
square interstice, D being the center of the ball 
at the center of an edge, and D’ the projection 
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of D on the line joining the centers of two 
spheres of the original pack, of radius r. 


DO? = D’O?+-D’D* 
by Pythagoras. But 
BD=2R, 
so that 
D’'B=v2R 
and 
(R+r)? = (v2r —v2R)?+ (v2R)?, 
from which 
r?—6rR+3R’?=0, 
R/r=1+~72/3, the relevant root being 0.1833. 


{" +4 


Peak Densities in the Mixed Aggregate 


Data for both square and triangular holes, 
and the equations from which (R/r) is derived, 
are summarized in Tables III and IV. There are 
two well defined peaks in density. 

(a) The first is due to proximity of good packs 
of 2% and (2'+1) at 0.2288 and 0.2166, re- 
spectively, giving density increments of 0.0959 
and 0.0915. These twin spires are strongly en- 
hanced at 0.2245 by first entry of a single ball 
into the triangular interstice—the result on the 
graph in Fig. 4 is very marked. 

(b) The second peak occurs at R/r=0.1782 
for twenty-one balls arranged as a hopper-faced 
cube. Its concave faces accommodate the out- 








Fic. 4. Relation between the 
radius ratio (R/r) and the incre- 














ment in density (0A)/A obtained 
by inserting balls of radius R 
symmetrically into the “square” 
insterstices of a _ close-packed 
array of balls of radius r. Broken 
line—sum of increments from 
both types of interstice. 
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ward bulging spheres; moreover, there is some 
approach to close packing within the pattern of 
twenty-one balls. This peak, too, is reinforced, 
since at R/r=0.1716 the number of balls able 
to enter a triangular hole jumps from one to 
four, arranged as a body-centered tetrahedron. 


Application to Commercial Materials 


One cannot emphasize too strongly that the 
computation and graphs apply only to sym- 
metrical packing within the interstices of a 
close-packed aggregate already existing. It is 
Mother Nature alone, acting through her inter- 
atomic forces, who can pack so regularly, in the 
unit cell of kaolinite, y-brass, feldspar, or com- 
plex molybdate. With actual spheres even the 
original close packing is impossible to attain, 
despite long-continued jarring. 

For lead shot in a cylindrical tube Westman 
and Hugill in 1930 reported* a quite reproducible 
voidage of 37 percent; this was confirmed’ by 
White and Walton in 1937. For dry sand Litehiser 
in 1925 had obtained void volumes of 30.6 and 
36 percent, rodded and loose, respectively.*-* 
For wet sand the void volume (now occupied by 
water) rises to a maximum about 51 percent at 
6 percent water and then slowly drops to the 
value for rodded dry sand at 17} percent water. 
White and Walton illustrate a commercial sand 
(Wisconsin residual) which occurs in almost uni- 
form spheres, though most commercial re- 
fractories are semiregular polyhedra. The void 
volume was found to be 37.7-42.5 for sand; 
packing improved with decreasing particle size. 
In general, jarring in vacuum improves packing 
perhaps by removal of air film. For silicon car- 
bide, mullite, and alumina, they obtained a 
voidage of 40-50 percent, angular material giving 
a result a few parts percent higher. With mix- 
tures of unlike materials they were successful 
in reducing this voidage, for lead shot with graded 
silicon carbide fines to 15.1 percent, in a rammed 
mix of silicon carbide and clay, as low as 10.7 
percent. For porosities of 35.9 percent (tamped), 
37.2 percent, 42.6 percent, 44.0 percent, and 44.7 
percent in lead shot Foote, Smith, and Busang* 
in 1929 found corresponding coordination num- 
bers 9.51, 9.14, 8.06, 7.34, 6.92, by an ingenious 
corrosion method. Horsfield? (1934), from an 
interesting study of the geometry of the spher- 
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Fic. 5. Particles of pure iron made by carbonyl de- 
—— and suitable for use in powder metallurgy. 
X 10,000. 


ical aggregate, concluded that a mixture of six 
gtades of spheres in correct proportions and 
stoichiometric arrangement could reduce voidage 
to 3.9 percent (Table II). How far practice di- 
verges from computation is shown by the figure 
of 32.2 percent for an actual mixture of alumina 
particles, theoretically graded in accordance with 
these conclusions. This is not greatly different 
from the values obtained in rule-of-thumb mix- 
tures, in alumina, and silicon carbide. 

It is not difficult to see the cause of this dis- 
crepancy. Introduction of a smaller grade will 
destroy the regularity of the original aggregate, 
as soon as jarring begins. This will fair off the 
corners of the curve, and lower the over-all 
density. For example, introduction of an equal 
number of balls of radius (V2—1)r or 0.4142r 
would certainly not give the wholly regular 
interstitial insertion postulated in the present 
calculation, no matter how long shaking lasted. 
Besides, introduction of an equal number of balls 
of radius 0.427 or 0.43r would presumably im- 
prove the density by some amount. Would this 
improvement extend to 0.5r or even further? 


Asymmetric Arrangements 


So far we have ignored all patterns in the 
square holes except those with cubic symmetry, 
because of the laborious arithmetic involved. 
But it is likely that in the interval between the 
excellent packs of nine and twenty-one balls, 
(Fig. 4) some irregular or regular pattern would 
give a better arrangement than the slack de- 
generate 3°. The result would be to fill up the 
valleys on the graph with subsidiary smaller 
peaks. As R/r decreases and m increases, close 
packing within the interstices can be approached 
more closely. At the same time the disturbance 
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of the original close-packed array and consequent 
decrease in effective density, caused by a small 
intrusive particle, like the pea in the pilgrim’s 
boot, will be enormously enhanced. The author 
considers that a smoothed curve, derived from 
Fig. 4, with faired corners, hills, and valleys, 
would be a most useful guide in operations like 
bulk storage, ceramic manufacture, and con- 
crete mixing. 

Figure 5, taken with the electron microscope, 
shows how perfect are the minute spheres of iron 
prepared by decomposition of carbonyl and 
actually used in powder metallurgy. 


Metallic Solid Solutions and 
Interstitial Compounds 


Perhaps the nearest approaches to our model 
when (R/r) =(v2—1), i.e., for one small ball per 
square hole, are interstitial solid solutions, like 
that of carbon in the high temperature y-modifi- 
cation of iron, often called austenite or interstitial 
compounds like Fe;N. This austenite persists 
down to 725°C and may be preserved to lower 
temperatures, at which it is metastable, by 
rapid cooling. If one-third of the iron atoms be 
replaced by nickel, the interstitial solid solution 
of carbon is stable down almost to room tem- 
perature. 


Hagg Rules for Interstitial Phases in 
Metallic Systems”® 


If the small ball is to be introduced without 
disturbing the original close-packed array, its 
radius must not exceed 0.41427. For the ‘“‘heavy 
metals” hydrogen is the only element whose 
atomic radius would satisfy this requirement. 
From experimental study of a number of inter- 
stitial intermetallic phases, Hagg deduced an 
actual limit of about 0.59; obviously the lattice 
is capable of some adjustment. The rule holds 
very well for elements in the valleys of Lothar 
Mayer’s curve, Sc-Ni, Y-Pd, Hf-Pr, which form 
with the “‘metalloid” elements H, B, C, N (with 
small atoms), interstitial phases based on the 
intermetallic compounds MyX, M2X, MX, MXz. 
The second and third are most usual, the M,.X 
phase has often a wide range of composition 
(like B-brass). MXz is formed only when the 


0 G, Hagg, Zeits. f. physik. Chemie 12, 33 (1930-31). 
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radius ratio is very small, with carbon, for ex- 
ample. In this phase the smaller atoms are often 
associated in pairs, as in CaC.2, which is tetrag- 
onal with b/a equal to 1.6. Probably this pairing 
accounts for the elongation of the lattice to 
yield the elongated face-centered tetragonal 
structure, by a stretch in one direction. Of the 
two close-packed lattices, the cubic in general 
more readily forms MX phases, and the hex- 
agonal M2X. In general, these interstitial com- 
pounds are “‘metallic’’ in character ; some—MoC, 
NbC, TaC, VN, TiN—even show supracon- 
ductivity. 

The interstitial atoms arrange themselves so 
as to be near as many atoms as possible; they 
seem to strive after a coordination number of 
6 (square hole), though 4 (triangular hole) is 
also known. It is probable that the intrusive 
atoms are crystallographically equivalent, though 
recent work (1946) by Jack" has shown that 
some order occurs in the iron nitride phase. A 
radius ratio exceeding Hiagg’s 0.59 does not 
predicate entire absence of interstitial phases; 
it means that those which are formed will have 
a much more complicated structure, e.g., car- 
bides of Cr, Mn, Fe, Co, and Ni. In some prop- 
erties these resemble ionic lattices. 

In the author’s view such complex inter- 
stitial compounds, usually with radius ratio ex- 
ceeding 0.60, may quite reasonably be regarded 
as transitional structures. They lie between 
interstitial solid solutions, with random dis- 
tribution like austenite, on the one hand, and 
the complex y-brass structures formed between 
metals with radius ratio near unity, on the other. 
In turn, the y-brass structure (CusZns), links up 
through the ordered and random arrangements 
of the 6-brass structure (based on CuZn) with 
the wide primary substitutional solid solutions 
formed by metals not very different in atomic 
radius, and of near-identical valency. Of these 
a-brass and the continuous solid solutions in 
Cu-Ni alloys are striking examples. 

Thus we can trace a gradation of prop- 
erties :—lInterstitial solid solution—interstitial 
compound—complex interstitial structure—y- 
brass structure-ordered 6-structure—random 
8-structure—primary substitutional a. 


" K. H. Jack, Nature 158, 60 (1946). 
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Resistance of Oxide Cathode Coatings for High Values of Pulsed Emission* 


W. E. DANForRTH AND D. L. GoLDWATER 
Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania 


(Received July 27, 1948) 


Measurements are described of the potential variation 
of fine ribbon probes embedded in standard barium and 
strontium oxide coatings. Observations were made with 
19 tubes at values of pulsed emission as high as 50 amperes/ 
cm?. Results were as follows: (a) values of resistance were 
found ranging from 2 to 230 ohms-cm?; (b) potential 
gradients were adequate to admit dielectric breakdown as 
a cause of sparking; (c) the curve of resistance vs. emission 
passes through a maximum and, at different temperatures, 
this maximum occurs at the same probe potential; (d) with 


BaO or mixed cathodes of higher values of resistance the 
resistance is largely at the interface, for low resistance 
coatings no observations on this matter were obtained; 
(e) the two best tubes as regards high emission without 
sparking had the lowest values of coating resistance; 
(f) the resistance of SrO cathodes is an order of magnitude 
higher than that of BaO or mixed cathodes; (g) super- 
position of d.c. upon pulsed emission gives a pronounced 
decrease of resistance. 





1. INTRODUCTION 


HIS work was performed in the winter of 
1944-45 as part of an investigation con- 
cerning the mechanism of sparking in magnetrons 
using oxide coated cathodes. An hypothesis was 
being considered that the predominating cause of 
sparking, at least in diodes, was a disruptive 
dielectric breakdown of the oxide coating due to 
a potential difference resulting from the finite re- 
sistance of the coating material or of the coating- 
to-base-metal interface. Subsequent work! showed 
that the anode plays a somewhat more prominent 
role than was thought at first, and that a spark 
may be either anode-initiated or cathode-initi- 
ated although in both cases the most brilliant 
visual manifestations occur at the surface of the 
cathode. Even when a spark is anode-initiated, 
however, the cathode coating, by virtue of its 
resistance, plays a supporting role and the reduc- 
tion of such resistance is considered advan- 
tageous.T 


* This paper is a condensation of O.S.R.D. report NDRC 
14-514 Cathode Coating Resistance as Measured by 
Embedded Probes, W. E. Danforth, Oct. 31, 1945. 

1W. E. Ramsey, “A General Survey of Sparking Phe- 
nomena in High Vacuum Thermionic Tubes,” O.S.R.D. 
report, Contract OEMsr-358, Bartol Research Foundation, 
October 1945. 

t The question may be raised as to whether the measure- 
ments here reported really give quantities which should be 
termed “resistance.” In this connection we may state that 
we here define resistance as that quantity by which the 
current density through the coating shall be multiplied in 
order to give the observed probe voltages. Since the 
oscilloscope used for voltage measurements was of im- 
pedance very high compared to that between probe and 
base metal, the authors feel justified in neglecting any 
errors which might be caused by current carried by the 
probe. Also it was determined that e.m.f.’s of thermal or 
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Resistance measurements were effected by 
means of embedded probes following the method 
of Becker and Sears.? Shortly before pressure of 
other matters caused us to discontinue this in- 
vestigation the subject was taken up by the 
Cathode Research Group at the M.I.T. Radiation 
Laboratory, with whom we were in collaborative 
relationship. The results of their work have 
already been published.* Other publications on 
this subject include that of Wright* who gave 
careful attention to boundary layer effects at 
relatively low currents, and Loosjes and Vink® 
who investigated cathode drop by means of a 
movable anode. 


2. TECHNIQUES 
A. Construction of the Cathodes 


Cathodes were constructed according to the 
diagram of Fig. 1. The weighed nickel sleeve with 
thoria-embedded heater received an oxide coating, 
then several turns of nickel ribbon ($5 mil 
cross section), another coating, a second probe, 
and a final coating. Appropriate weighings during 
fabrication enabled weights of both coatings to be 
determined. To prevent the probes from uncoiling, 
when the carbonate was converted to the oxide, 


electrochemical origin between probe and base metal were 
very small compared to the observed voltages which re- 
sulted from the drawing of current through the coating. 

2]. A. Becker and R. W. Sears, Phys. Rev. 38, 2193 
(1931). 

3 A. Fineman and A. S. Eisenstein, J. App. Phys. 17, 663 
(1946). 

4D. A. Wright, Proc. Roy. Soc. 190, 394 (1947). 

5 R. Loosjes and H. J. Vink, Philips Res. Rep. 2 190-204 
(1947). 
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Fic. 1. Structure of cathode with two helical nickel probes 
embedded in coating. 


they were secured at both ends by spot welding to 
nickel supports. The sleeve material was Grade A 
nickel, and the coated area was 0.63 sq. cm. 

As regards the weight of coating which one 
applies, it became evident that at least 5 mg/cm? 
were required between the inner probe and the 
base metal if short-circuiting was to be avoided 
and that even 10 mg/cm? were desirable. The 
weight to be applied between the two probes 
should be of the same order as the first coat. The 
third coat, which assists in holding the second 
probe in place, must also be of the same order if 
mechanical troubles are to be avoided. It was 
therefore necessary that a double-probe cathode 
have a total weight of approximately 20 mg/cm?, 
an amount of coating approximately double that 
which we were accustomed to apply to an oxide 
cathode for high pulsed emission. 


B. Tube Preparation 


For purposes of this study the cathodes were 
mounted on four lead presses in glass bulbs. The 
anode was a flanged Kovar cup of 11.7-mm I.D. 
and 1-inch long and could be immersed in running 
water during tests. All tubes used in this study 
were processed on a system which employed a 
mercury diffusion pump. The tubes were first 
made up with a tungsten filament mounted in 
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place of the probe-cathode by means of which the 
anodes were subjected to electron bombardment 
before the oxide cathodes were installed. The 
anodes were maintained at a dull red heat for 
about one-half hour, after which time the bom- 
bardment produced no appreciable increase of 
pressure. The tube was then cracked open and 
the probe cathode installed. The process of out- 
gassing and activation was as follows: 

After sealing-on, the system was pumped to a 
pressure less than 10-5 mm when an oven was 
raised so as to envelope the experimental tube, an 
ion gauge, and a liquid air trap which separated 
the tube and the ion gauge, from the rest of the 
system. (In addition to this “second” trap there 
was, of course, a primary trap on which liquid air 
was kept constantly as long as a tube was on the 
system.) The temperature was raised to 450°C in 
about half an hour, maintained there for one 
hour, and allowed to cool for perhaps another 
hour. The pressure, as measured on an ion gauge 
located between the second liquid air trap and 
the primary trap, would rise to some value be- 
tween 10~ mm and 10-* mm during bake out and 
fall back to 1X10-? mm after the system had 
cooled. 

Following the bake, a small heater current was 
applied to the cathode, so as to raise its tem- 
perature to about 650°C at which temperature it 
would be allowed to stand overnight for outgassing 
of the cathode parts. The next morning further 
outgassing was accomplished by heating the lower 
two-thirds of the cup to redness by means of a 
resistance heater designed to slip over the cup. 
The cup was kept at a temperature of about 800° 
for one hour. After this process the tube was re- 
garded as ready for activation. 

In the majority of the tubes (all, in fact, except 
those where conversion was made the subject of 
probe measurements) conversion of the carbon- 
ates to oxides and activation of the oxides was 
performed at approximately 1000°C brightness 
temperature. The procedure was to set the 
pyrometer for 1000° and raise the cathode tem- 
perature as rapidly as possible to this value. Be- 
cause of the rather large heat capacity of our 
cathode design it would require a minute or two 
to do this. In general the temperature would be 
allowed to remain at 1000° for about 30 seconds 
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and then reduced to 950°. If, upon again raising 
the temperature to 1000°, the pressure did not 
increase to more than about 2 or 310-7 mm, it 
was judged that conversion was complete. If, 
however, further increase of pressure occurred, 
the cathode would be allowed to remain at 1000° 
for another period of approximately 30 seconds 
and then be reduced to 950°. In most cases 
repetition of the 1000° treatment was unneces- 
sary. 

The above purely thermal treatment resulted 
in a considerable degree of activation of the 
cathode for, keeping the temperature at 950°, it 
was found that 50 ma could be drawn, space 
charge limited, with no subsequent decay of 
emission. Before removing the tube from the 
vacuum system it was subjected to a period of 
d.c. drain of at least 50 ma for at least one hour. 
In many cases the treatment included a 50-ma 
treatment, followed by a 90-ma_ treatment 
followed by a 120-ma treatment, each for at least 
one-half hour. 

As would be expected by anyone familiar with 
oxide cathode activation, the above mentioned 
d.c. treatment was accompanied by a release of 
gas, each increase of the current resulting in a 
new burst of gas. That some of this gas came 
from the anode, which had, of course, been ex- 
posed to air after its preliminary outgassing, was 
often demonstrated by a fall of pressure when the 
draft from a blower was directed at the Kovar 
cup. Toward the end of this investigation obser- 
vations were made of cathode resistance during 
this activation process and a discussion of these 
matters will appear later. 

Following the activation, it was our practice 
with the earlier tubes to give them another bake 
to the extent of raising the temperature to 300° 
and then allowing the system to cool, the whole 
process taking about one hour. This was aban- 
doned for the later tubes and no change of 
performance was noticed. 

Before sealing the tube off, liquid air was 
placed on the second trap (a trap which was very 
close to the tube and subjected to the same 
baking) which caused the pressure, under best 
conditions to fall as low as 2X10-* mm. (The 
pressure here referred to was measured on an ion 
gauge directly adjacent to the tube.) 
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C. Probe Measurements with 1- 
Microsecond Pulses 


Inasmuch as the problem of sparking in 
pulsed magnetrons was one of the major concerns 
of the present investigation it was obvious that 
the resistance measurements should be made 
with microsecond pulses. Figure 2 shows the 
scheme of connections as made to a modulator 
(MIT Radiation Laboratory Model 4; 27,000- 
volt peak). Because of the necessity for keeping 
the cathode at ground potential, and since the sign 
of the high voltage output of the modulator is 
negative, a pulse transformer provided by the 
Radiation Laboratory was used to permit ground- 
ing the negative side. The high positive terminal 
goes directly to the anode of the tube (Kovar 
cup) and the cathode sleeve is grounded. The 
pulsating probe potentials are observed by con- 
necting the plates of a synchroscope (No. 2) 
directly between the probe and the cathode 
sleeve. Another synchroscope (No. 1) served to 
measure the anode voltage by means of a resist- 
ance divider. Simultaneous observations of anode 
voltage and emission current were not made, only 
one synchroscope being available for both of 
these observations. Included in the diagram is a 
400-volt power supply which was used in ob- 
serving the effect upon probe behavior of the 
superposition of a direct current. A high capacity 
across its output insured a low impedance by- 
pass for the pulsed currents. 

Table I gives coating weights and maximum 
space charge limited emission for all tubes which 
were successfully brought to a point where meas- 
urements of one kind or another could be made. 
The meaning of the symbols at the heads of 
columns is as follows: 


m,=coating weight between sleeve and inner probe, 
m2=coating weight between inner and outer probes, 





MOOULATOR 400 VOLT POWER SUPPLY 
TERMINAL - =- i" 
. & 
“ + SYNCHROSCOPE *; 
SYNCHROSCOPE 1 | 5 SYNCHROSCOPE #2 
a Vh 











Fic. 2. Circuit arrangement for observation of probe 
voltages while drawing pulsed emission from cathode. The 
400 v power supply permits superposition of d.c. 
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TABLE I. 








1 2 3 4 5 
mi m2 ms Im 
Tube No. Mg/cm? Mg/cm? Mg/cm? amp./cm? 
Pi 20 — 20 20 
P2 4.7 12.7 — 20 
P 3 4.7 14:3 — 26 
P4 3.0 7.6 12.1 27 
P 6 7.1 3.2 = 40 
P 7-2 7.1 4.5 6.2 53 
P 8-2 5.4 3.5 7.0 21 
P 10-2 8.6 4.0 2.8 —- 
P il 5.1 6.8 7.5 17 
P 13 5.7 5.2 11.0 10 
P 15 5.7 6.7 6.5 10 
P 16 5.9 6.5 12.1 25 
P17 8.4 8.1 11.4 50 
P19 9.4 7.0 17.5 12 
P 20 13.7 1.1 20.8 9.6 
P 21 16.7 4.1 16.0 9.7 
P24 20.3 — 16.5 18 
P 25 10.8 — 13.3 19 
P27 18.1 — 17.9 15 





m;=coating weight over the outer probe, 

I=maximum space-charge-limited emission at 850° as 
obtained from a V—TI plot on two-thirds-power 
paper. 

It is seen that, as regards the emitting power of 
these tubes, they may be said to be of medium 
grade, somewhat inferior to the best laboratory- 
activated cathodes and better than most produc- 
tion cathodes. The fact that their emission is less 
than our best diodes is probably due to some 
circumstance associated with the probe. This was 
shown by tests in which cathodes, exactly similar 
to the probe cathodes but without probes, were 
activated with the same procedure and the same 
equipment as the probe cathodes, and gave emis- 
sions exceeding 50 amps./cm*. 

The missing numbers in the above list corre- 
spond to tubes which for some reason had to be 
accounted for as failures. The dashed numbers 
(e.g. P 7-2) indicate tubes which failed initially 
and were re-processed with a new cathode. 


‘3. MEASUREMENTS WITH 1 uSEC. PULSES 


A. Observations of Total Resistance as a 
Function of Current and Temperature 


-Figure 3 gives for 8 tubes, total cathode resist- 
ance as a function of pulsed current for different 
values of temperature. 

All tubes here described excepting P 1 had 
double-probe cathodes and, unless otherwise 
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noted, used equimolar barium and strontium 
carbonates. 

Since the double-probe technique purports to 
discriminate between resistance of the coating 
itself and resistance of the interface, some ap- 
propriate definitions should be adopted. 

In this section the resistance of the coating 
itself will be referred to as coating resistance, and 
that of the boundary as interface resistance. Their 
sum will be called total resistance or cathode 
resistance. 

The figure which we have referred to gives 
curves of total resistance as measured with the 
outer of the two probes. Values of coating weight 
between the outer probe and the sleeve are given 
on each figure. It will be noticed that all tubes 
show that as the current increases the resistance 
first increases, then passes through a maximum 
and decreases. The value and position of the 
maximum shows considerable variation from one 
tube to another. Table II shows, for 11 tubes, all 
at approximately 850°C, values of maximum re- 
sistance and values of current at which the maxi- 
mum occurs. It is seen that the maximum 
resistance has values between 3.0 and 100 ohm- 
cm? (a factor of 33.3) and that the position of the 
maximum lies between 2.4 and 31 amp./cm? (a 
factor of 13). 

The column at the extreme right gives values 
of the probe voltage at which the maximum oc- 
curs and it is noticed that this figure shows a con- 
siderably greater constancy than either of the 
other two, its value lying between 75 and 240 
volts (a factor of 3.2). 

Further evidence that the maximum tends to 
come at a definite value of probe voltage is given 
in Fig. 4, which shows the same data as Fig. 3, 
except that the resistance is plotted against 
voltage on the probe instead of emission current. 
One notices that, when plotted in this manner the 
picture is considerably simplified, the maxima at 
different temperatures falling one above the 
other. 


B. Results of Double-Probe Measurements 


Figure 5 shows a plot of data from four of the 
tubes in which both probes showed consistent 
behavior. 

Assuming that the coating resistance is con- 
stant throughout the material and that the re- 
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sistance of a layer of coating is proportional to its 
weight, one may calculate the interface resistance 
as follows: 


Ro=Ri—(R2—R1)(mi/mz2), 


where 


Ro=interface resistance, 

R,=total resistance to inner probe, 

R:=total resistance to outer probe, 

m,= weight of coating between the inner probe and the 
base metal, 

m2= weight of coating between probes. 


Referring again to the figures, the dotted 
curves denote measurements on the inner probe 
and the solid curves, the outer probe. Using the 
above formula we proceed to calculate the 
interface resistance for these four cases. The re- 
sults are shown in Table III, in which column 
1 gives the tube number, column 2 the value of 
m,/m2, column 3 the value of current at which 
the calculation is made. Column 4 gives the 
values of the total resistance shown by the inner 
probe; column 5 gives the resistance between 





















































probes; and column 6 gives the calculated 
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TABLE II. 
‘ 
Value of Position of Probe 
maximum maximum voltage at 
Tube No ohms-cm? amp./cm? maximum 
Ft 46 3.5 161 
P2 —_ — — 
ra —_ — — 
P4 — — — 
P 6 14 15 210 
P 7-2 3.0 25 75 
P 10-2 10 18 180 
P i3 — _— _— 
P 15 27 8.0 216 
P 16 16.2 5.5 89 
P 17 3.5 31 108 
P 19 7.3 23 168 
P 24 30 5.4 162 
P25 38 5.0 190 
P 27 100 2.4 240 
Average 
163 








interface resistance. The values of current given 
were chosen to correspond to the maximum re- 
sistance except for the case of P 11 where data do 
not include the maximum and 10 amp./cm? was 
arbitrarily chosen. The data at approximately 
850° were used in all four cases, and all cathodes 
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Fic. 3. Resistance.of cathode coating (including interface) as function of pulsed emission current. 
Ordinates are ohms-cm?; abscissae, amps./cm?. 
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Fic. 4. Resistance of cathode coating (including inter- 
face). In these graphs resistance is plotted against the 
voltage which appears at the probe as the emission current 
is varied. Range of variation of emission current is the same 
as shown in Fig. 3 for the same tubes. 


were coated with equimolar barium and strontium 
carbonates. 


C. Comparison of Barium Oxide with 
Strontium Oxide 


Figure 6 shows a comparison between the re- 
sistance of barium oxide cathodes with that of 
strontium oxide. It is apparent that the resist- 
ance of the latter is a higher order of magnitude 
than the former. Materials in both cases were of 
C.P. grade without further purification. 

Tube P 19 had a barium oxide cathode in which 
both probes were working and hence can yield a 
value of interface resistance. 

- The strontium oxide cathode in tube P 20 shows 
a maximum total resistance of 230 ohms at 890°. 
The values given by the two probes are indistin- 
guishable within our experimental uncertainty of 
about 10 percent. Unfortunately this cathode was 
one in which the amount of material between the 
probes was only 8.1 percent of the amount be- 
tween the inner probe and the sleeve. This fact, in 
connection with the above-mentioned experi- 
mental uncertainty, makes it impossible to draw 
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conclusions regarding the relative importance of 
coating resistance and interface resistance. 


D. Effect of d.c. Component 


Figure 7 shows the effect upon total resistance 
of the superposition of a d.c. component upon the 
pulsed current. The data for P 1, P 2, and P 7-2 
show resistance plotted against pulsed current for 
different values of superimposed d.c. In the case 
of P 3 the pulsed current was held constant at 10 
amp./cm? and the variation of resistance with 
d.c. component was recorded. Values of d.c. com- 
ponent have not been reduced to current per unit 
area but refer to the standard area of 0.63 sq. cm. 


E. Results with Two Probes at the Same Level 


Figure 8 shows results obtained with tubes 
which were made up for the purpose of testing the 
reliability of our probe measurements. The cath- 
odes were made in the ideatical manner as those 
in the other tubes except that both probes were at 
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Fic. 5. Resistance of cathode coating (including inter- 
face) in 4 cases where successful runs were made on both 
probes. 
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the same depth in the coating and hence should 
both give identical curves. The probes were 
wound on as a double thread, the convolutions of 
one of the helices lying between those of the other, 
so that no possibility of accidental contact be- 
tween the probes existed. It is seen that differ- 
ences up to 10 percent are experienced. The 
values of coating weight lying between the base 
metal and the probes are given on the figures. 


F. Time Changes of Resistance Observed with 
1 Microsecond Pulses 


Observations of the probe voltage pulses, by 
means of the arrangement in Fig. 2 often show 
distortion of the square wave to such a form as 
would be produced by an increase of resistance 
with time during the microsecond. Figure 9 shows 
the type of pulse which characterizes this phe- 
nomenon. In general this rise of probe voltage 
with time, for constant current through the 
cathode is a phenomenon which tends to appear 
at high current densities. For example, a tube 
would be likely to give square probe pulses at 5 
amps./cm? and pulses of the above shape at 20 or 
30 amps./cm?. It was noticed in some cases that 
this effect developed as the tube aged. The oc- 
currence of sparking in the tube was also likely to 
bring about this effect in a tube originally free 
from it. 

In many respects the onset of this phenomenon 
reminds one of the onset of decay in a cathode 
originally free from it. Time did not permit an 
investigation of any possible correspondence be- 
tween these two effects. 


G. Measurements with Prolonged Pulses 


During the course of this work, a series of ex- 
periments was carried out by W. E. Ramsey 
concerning variations of resistance with time 
when the cathodes were subjected to pulses of 
several tens of microseconds duration. 











TABLE III. 
1 2 3 4 5 6 
mi 
“— Imax Rinterface 
Tube No. ma amp./cm* Ri R3—Ri ohm-cm? 
P6 2.25 15 13.3 1.3 10.4 
P ii 0.74 10 6.3 Lo 5.3 
P 15 0.86 8 25.4 od 23.5 
P 16 0.90 5.5 13.6 2.6 11.3 
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Fic. 6. Resistance of cathode coating (including inter- 
face). Comparison of BaO coating (P 17 and P 19) with SrO 
as (P 20 and P 21). Note the much higher resistance 
oO ‘ 


A considerable complexity of phenomena was 
observed, which will be presented in a future 
paper. 

In general, it may be said that the resistance 
increases with time as high pulsed current is ap- 
plied, in agreement with the above-mentioned 
findings with 1 microsecond pulses. It was further 
observed, however, that superposition of a small 
d.c. had the effect of preventing the increase with 
time. 


H. Correlation of Sparking with Resistance 


It was largely to ascertain whether or not the 
above-named correlation existed that this re- 
search was undertaken. The type of sparking here 
concerned is that which takes place with 1 micro- 
second pulses in the space-charge-limited state. 
Table IV gives the status of this question at the 
time when the work was suspended in favor of 
other matters. 

The meanings of the eight columns are as 
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Fic. 7. Resistance of cathode coating (including inter- 
face). Results illustrate the pronounced decrease of coating 
resistance which takes place when d.c. is superposed upon 
the pulsed emission. In the case of P 3 abscissae represent 
d.c. current from 0.63 sq. cm of cathode surface. 


follows: (1) Tube number, (2) Centigrade bright- 
ness temperature, (3) Pulsed current at the onset 
of sparking, (4) Probe voltage (outer probe) at 
sparking, (5) Power dissipated in the coating be- 
tween core and outer probe, (6) Resistance to the 
outer probe at sparking, (7) Weight of coating 
under the outer probe, (8) Constitution of the 
coating material. The symbol Ba signifies a 
barium oxide coating; Sr, strontium oxide; and 
Ba-Sr, an equimolar mixture. 

As regards the 8 Ba-Sr tubes up to and in- 
cluding P 16, one sees that the one tube which 
gave an unusually high sparking current (P 7-2, 
71.5 amps./cm?*) also had an unusually low re- 
sistance (2.8 ohms-cm?*). The remainder of the 
Ba-Sr tubes, sparked between 29 and 43 amps./ 
cm’, had resistances between 8.06 and 15.5 
ohms-cm?, and showed no correlation. Tube P 17, 
a barium oxide tube, had the second highest 
emission (50 amps./cm?) and also a rather low 
resistance (5.08 ohm-cm?’). 

The correlation between sparking current and 
resistance is pronounced in the case where one con- 
siders Sr on the one hand and Ba-Sr or Ba on the 
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other. In the former case, the sparking currents 
are 9.5 and 9.7 amps./cm? and the resistances 69 
and 49 ohms-cm?, while in the latter case the 
sparking currents lie between 25 and 71 amps./cm? 
with the resistances between 8.06 and 15.5 
ohms-cm*. The potential difference (probe volt- 
age, V,) which the coating can support without 
sparking appears to be somewhat higher in the 
case of Sr. 

Regarding the particular mechanism through 
which high resistance favors the occurrence of 
sparking, we have been inclined to think of it as 
dielectric breakdown of the coating or interface. 
Positive ions ejected in this event could form 
local perturbations of the space charge sheath 
and give rise to a localized instability which 
would result in an arc. 

The simplest picture based on the above theory 
would require that, in a number of tubes having 
different coating resistance (operated at the same 
temperature) sparking would occur in each case 
at that current which would produce a certain JR 
drop in the cathode layer. It will be observed 
from Table IV that values of JR (i.e., V,) at 
sparking vary by more than a factor of 2 and that 
this spread is not correlated with differences in 
coating weights. However, differences in dielec- 
tric strength from tube to tube are indeed to be 
expected. 

A. S. Eisenstein® has stated that sparking tends 
to occur at a definite value of J?R, rather than of 
IR, suggesting that the mechanism involves a 
thermal instability rather than dielectric break- 
down. We find ourselves reluctant to abandon the 











TABLE IV. 
1Vop 
I, peak Rs w 

P T amps./em? Vp watts ohms-cm? Mg/cm? 

3 848 31.8 286 9,100 9.00 19.1 Ba-Sr 

6 855 314 305 9,580 9.72 10.3 Ba-Sr 

7-2. 850 71.5 200 14,280 2.80 11.6 Ba-Sr 
10-2 848 34.9 282 9,840 8.06 12.5  Ba-Sr 
11 843 30.5 263 8,020 8.53 11.9 Ba-Sr 
13 847 43.0 362 15,580 8.4 11.0 Ba-Sr 
15 847 33.3 517 17,220 15.5 12.4 Ba-Sr 
16 857 29.6 277 8,200 9.35 12.4 Ba-Sr 
17 847 50.0 254 12,700 5.08 16.5 Ba 
19 850 25.0 180 4,500 7.20 164° Ba 
20 890 9.5 660 6,260 69 14.8 Sr 
21 960 99 474 4,600 49 20.8 Sr 








*A. S. Eisenstein, M.I.T. Radiation Laboratory Re- 
port 933. 


JOURNAL OF APPLIED PHYSICS 








latter hypothesis, however, for the following 
reasons : 


(a) Values of V, at sparking give reasonable breakdown 
field strengths for a “‘poor’’ dielectric. 

(b) The sparking here concerned can take place in a 
fraction of a microsecond. We question whether the thermal 
hypothesis can account for these short times. The values 
of J?R in the present data are all less than 20,000 watts. 
Therefore the maximum heat which can develop in a 
coating in one microsecond is 5 X10-* calories per square 
cm. 
(c) Constancy of J?R from tube to tube at sparking 
does not necessarily disprove the breakdown hypothesis. 
If the cathode coatings which yield higher values of current 
at sparking also happen to have lower values dielectric 
strength, a fortuitous constancy of J?R could conceivably 
result. 


I. Variation of Resistance with Temperature 


No extensive quantitative study of the effect of 
temperature upon resistance has as yet been 
made in this investigation. It is obvious by in- 
spection of Fig. 3 that a considerable variety of 
phenomena are encountered. 

Theoretical considerations regarding impurity 
semi-conductors, however, suggest that the con- 
duction should follow a relation of the form 
e-@2KT provided of course that the constitution 
of the material does not itself change with 
temperature. 

Figure 10 shows the data for tube P 2 at 6 
amperes pulsed current plotted for 3 tempera- 
tures. Plotting the logarithm of 1/R against the 
reciprocal of absolute temperature one has, ac- 
cording to the above formula, a straight line 
whose slope is proportional to the excitation 
energy Q. Line A corresponds to resistance be- 
tween the probes while B refers to resistance be- 
tween the inner probe and the sleeve. The values 
of QO given on the figure are within the spread of 
data obtained by others.’ 


4. MEASUREMENTS DURING CONVERSION 
AND ACTIVATION 


Observations have been made of the changes of 
resistance which take place during activation of 
the cathodes. Some general comments are as 
follows: 


(a) It is evident that conversion by heat below 800°C 
of the barium or strontium carbonates to oxides does not 
immediately result in a conducting or emitting substance. 


7J. P. Blewett, J. App. Phys. 10, 668 (1939). 
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Fic. 8. Resistance of cathode coating (including inter- 
face). These curves were obtained with two probes at same 
level and illustrate the order of accuracy associated with 
the foregoing observations. 


(b) Holding the oxide in the neighborhood of 800°C 
for a sufficiently long time will, however, cause a fall of 
resistance. In all cases examined, the appearance of a 
certain amount of emission accompanied the fall of re- 
sistance. 

(c) Although a cathode may be activated in a short 
time by thermal treatment alone at 900° to 1000° it 
appears that further decrease of resistance can always be 
affected by the drawing of electron current. 

(d) During activation of a cathode by application of 
d.c. in successively increasing values it is often found that 
each increase results in a fall of resistance to a new low 
value which, from then on, is likely to rise slowly. 


Referring now to the specific experiments, con- 
sider Fig. 11 which describes the processing of 


Fic. 9. 











171 

















P2 
L0G, P 
A 

IF 
° Tr) Li i2 1900. 

ae 
AF 

Q=.87 VOLTS 

1 Q=135 VOLTS 
| 


Fic. 10. Resistance as function of temperature. A, be- 
tween probes; B, between inner probe and base metal. 
Cathode emission 6 amps./cm*. 


tube P 19, a barium carbonate coating. The figure 
comprises three graphs in which the several 
pertinent variables are plotted against the time 
during the manipulation of the tube while still on 
the vacuum system. The uppermost of the three 
graphs shows the specific manner in which the 
temperature of the cathode was increased during 
the process. Temperatures down to about 750° 
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were measured by pyrometer. The values of lower 
temperature are only approximate, being ob- 
tained by plotting the curve of pyrometer tem- 
perature vs. heater current and making a straight- 
line extrapolation between the lowest point and 
the origin. The middle graph shows the rise of 
pressure, measured in an ion gauge in a position 
adjacent to the experimental tube, which oc- 
curred by reason of breakdown of the carbonate. 
All data are here plotted in terms of microamperes 
of positive ion current, the calibration figure 
being approximately 110-5 mm of Hg per 
microampere. : 

It will be observed here that the breakdown, 
which was taking place only very slowly at 660°, 
became very much faster at 710° and went 
rapidly to completion when the temperature was 
increased to 740°. 

The bottom graph in Fig. 11 shows at what 
point in the process the coating resistance fell and 
the emitting power developed. The procedure in 
this case was to apply a potential to the tube 
which would correspond to a space-charge-limited 
current of 10 ma and to observe the rise of cur- 
rent from zero to this value. 

Resistance values, where emission of a few 
milliamperes or more was available, were meas- 
ured by drawing current to the anode and 
measuring the probe potentials by a high resist- 
ance voltmeter. 
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Fie. 11. Resistance observations 
during activation. 
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The curve marked ‘‘ohmmeter measurement” 
should not be considered in a strictly quantitative 
sense but only as an indication as to the point in 
_ the process where the resistance fell. Before 
activation started resistance values were obtained 
by applying a potential of 4.5 volts between the 
probe and the sleeve, with a series resistance of 
4500 ohms, and noting the current. Care was 
taken always to use the same polarity since the 
resistance differed, in amounts approaching a 
factor of two, between the two directions. 

Figure 12 was made with two probes, both 
situated at the same depth in the coating. The 
coating was equimolar barium-strontium carbon- 
ate. In this case no continuous current was drawn 
during the first stages of activation. The temper- 
ature was held constant at 870° for over four 
hours, and the resistance was observed to reach 
an equilibrium value in about one hour. 

This case shows clearly that even after thermal 
activation at 870° has gone as far as it will, the 
resistance may be further reduced by a large 
factor by drawing current. After 3} hours of 
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treatment at 870° the coating resistance was 40 
ohms. Drawing 5 ma reduced this to 9 ohms in $ 
hour. In this case raising the current to 50 ma 
did not appreciably change the resistance nor did 
an increase of temperature to 900° have much 
immediate effect. When the current was increased 
to 110 ma, however, a pronounced fall of resist- 
ance occurred. 
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Particle Size Determination by Soft X-Ray Scattering* 


K. L. Yupowrtcs** 
Department of Physics, University of Missouri, Columbia, Missouri 
(Received August 2, 1948) 


Small angle x-ray scattering measurements are made on samples of colloidal gold of radius 
from 50 to 400 angstroms. Copper (1.54 angstrom wave-length) and aluminum (8.32 angstrom 


wave-length) radiation are used. 


The usual method of analysis is shown to be valid only for particles of radius less than 120 
wave-lengths. Extension of the method to larger particles is achieved, giving improved electron 


microscope correlation. 


The use of longer wave-lengths and optimum shaped slits are shown to reduce geometry errors 
sufficiently to give clear evidence of predicted intensity maxima. The first three secondary shape 


function maxima are observed. 


An additional interference maximum attributable to particle-to-particle interference is ob- 
served. The position and magnitude of this maximum are correctly predicted by an expression 


based on earlier fluid scattering theory. 





MALL angle x-ray scattering has been em- 

ployed since 1939 as a means for determining 
size parameters of particles of dimensions less 
than 500 angstroms. Most work of this type is 
based on a theory such as that developed by 
Guinier’ or Hosemann.* ® Certain assumptions 
are inherent in the application of this theory. 
Guinier first derived an expression for the scat- 
tering of a perfectly collimated monochromatic 
beam from a single particle having negligible ab- 
sorption. By comparing Guinier’s result with the 
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Fic. 1. Assumed distribution of particle density p(r). 


* Extract from a thesis submitted in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy at 
the University of Missouri. 

** Present address: Department of Physics, Florida 
State University, Tallahassee, Florida. 

1 A, Guinier, Annal. de Physique 12, 161 (1939). 

2 A. Guinier, Radiocrystallographie (Dunod, Paris 1945), 
(Chap. XII). 

* A. Guinier, J. de Chimie Physique 40, 133 (1943). 

*R. Hosemann, Zeits. f. Physik 113, 751 (1939). 

5 R. Hosemann, Zeits. f. Physik 114, 133 (1939). 
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similar expression obtained for the optical case of 
an opaque disk® (total absorption), the absorption 
effect may be seen to be truly negligible. With 
proper experimental technique, the effect of im- 
perfect monochromatization is made negligible. 
However the collimation error is usually appreci- 
able. A simplified comprehensive treatment of 
the collimation error is described in this paper. 

The next step in Guinier’s derivation is the 
simple addition of the intensity scattered by each 
particle in the sample. This assumes multiple 
scattering, multiple refraction,’ and interference 
between particles to be negligible. Most workers* ® 
agree that multiple scattering and multiple re- 
fraction are unobserved experimentally. Neg- 
lecting interference between particles however 
will be shown to be unjustified, at least in certain 
cases. 

Non-uniformity in the size of most specimens 
gives rise to a condition not included in Guinier’s 
simple theory. A number of workers*!°! have 
devised methods for determining the size dis- 
tribution from the experimental small angle scat- 
6 J. Slater and N. H. Frank, Introduction to Theoretical 
Physics (McGraw-Hill Book Company, Inc., New York, 
1933), p. 324. 

7R. Von Nardroff, Phys. Rev. 28, 240 (1926). 

1947) G. Shull and L. C. Roess, J. App. Phys. 18, 295 
' ow. W. Beeman and P. Kaesberg, Phys. Rev. 72, 512 
ay Guinier and G. Fournet, J. de phys. et rad. 8, 23 
yt H. Jellinek, E. Solomon, and I. Fankuchen, Ind. 


Eng. Chem. Anal. Ed. 18, 172 (1946). 
2S. H. Bauer, J. Chem. Phys. 13, 450 (1945). 
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tering. However, the mathematical inversions 
involved in these treatments often appear un- 
justified by the quality of the available data, and 
the resultant distribution is not unique. 

Although the general expressions of Guinier 
and of Vineyard make no assumption regarding 
particle shape, it is frequently useful to assume a 
particle shape. Patterson has derived a number 
of shape functions to describe the distribution of 
scattered intensity from particles of different 
shapes. In particular the spherical shape function 
is useful. 

The spherical shape function was used by 
Guinier.! The relative intensity scattered by M 
spherical particles is given by 


I= MN’*#*(RR), (1) 


where M=total number of scattering particles, 
N=number of electrons per particle, &(kR) 
=spherical shape function, =3/(kR)*[sin(kR) 
—(kR) cos(kR) ], k=2ze/dX, €=scattering angle, 
\=wave-length of x-rays, R= particle radius. 


INTERFERENCE EFFECT*** 


Equation (1) is derived from the amplitude of 
scattering from a single particle 


E,=N®(kR) exp[2zict/d], (2) 


where c=velocity of light, t=time. Considering 
now the scattering from a second particle differing 
in phase from the scattering from the first particle 
by an amount 27/A[?n-($— 80) ], and summing 
over all particles, there results 


E= Yom N®(RR) exp[27i/d{ ct —7m+ (S—30)} J, (3) 


where: 7,=vector from origin particle to mth 
particle, §=unit scattered vector, §)=unit inci- 
dent vector. The scattered intensity is then 


I=E*E=N*®*(RR) > m Dn 
Xexp[2ri/rAlF-(S—30)} J, (4) 


where #=7,,—7,. Following the procedure out- 
lined by Gingrich,!® Eq. (4) may be rewritten 


r= un-arer)|1+ f 4rr*p(r) sinkr /kr (5) 
0 


3G. H. Vineyard, Phys. Rev. 74, 1076 (1948). 

14 A. L. Patterson, Phys. Rev. 56, 972 (1939). 

*** Approach suggested by L. H. Lund. 

15 N.S. Gingrich, Rev. Mod. Phys. 15, 90 (1943). 
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Fic. 2. Intensity vs. (RR) from Eq. (6) for P=0, 3, 3, 
showing interference maximum and first secondary shape 
function maximum. 


where p(r) is the density of particles at r. A dis- 
cussion of the scattering from a monatomic fluid 
based on an equation of this form has been pre- 
sented by Gingrich and Warren.!* They assumed 
a density p(r) of a form as shown in Fig. 1, and 
arrived at an equation of the form 


I = MN°#*(kR) 
X[1+P{5 sin(2kR)/(2kR) —66(2kR)}], (6) 


where 0<P <1 and is a parameter representing 
the closeness of packing. Equation (6) reverts to 
Eq. (1) for P=0. Equation (6) is shown in Fig. 2 
for P=0, 3, }. In addition to the interference 
maximum at (RR) =2.5, the first of the series of 
secondary shape function maxima is seen at 
(RR) =5.8. 

Equation (1) is often approximated by the 
exponential : 


I = MN? exp[ —(kR)?/5]]. (7) 


16 N.S. Gingrich and B. E. Warren, Phys. Rev. 46, 248 
(1934). 
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A series expansion shows that the error involved 
in this assumption is less than 5 percent for values 
of (kR) smaller than about 1.5. The logarithmic 
form of this equation has been used to determine 
particle size (R) from the slope of the log! vs. k? 
graph. Figure 2 illustrates the radical error intro- 
duced by this procedure for values of (RR) near 
the interference maximum. 


COLLIMATION ERROR 


Since the maxima shown in Fig. 2 are not ordi-_ 


narily observed, it is of interest to investigate 
those errors which may be effective in smearing 
the peaks. The two major causes of smearing 
appear to be non-uniformity of the specimens and 
imperfect collimation. Their effects may be de- 
scribed in terms of the intensity J, scattered toa 
point P on the film. Considering first scattering 
from spheres of all sizes 


Se f “Cn(R)/ MAR, (8) 


where n(R)dR=number of particles having radius 
R to R+dR, I=intensity as given by theory for 












































DB ANGLE OF MINIMUM SCATTERING 


Fic. 3. Details of collimation system. 
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uniform particles, 4 =total number of scattering 
particles. 

It should be noted that the limits of integration 
are infinite. Although knowledge of the specimen 
ordinarily allows establishment of a finite upper 
limit, the range may still be quite large, and the 
distribution m(R) unknown. Treatments based on 
assumed distributions® may incur gross errors by 
neglecting a relatively few particles having ex- 
treme values of R. The effect may be minimized 
experimentally only by selecting the most uni- 
form specimens available. 

Considering now the error arising from im- 
perfect collimation, an expression similar to 
Eq. (8) results 

€1 
=f [n(o/t Ue (9) 
63 

where n(¢e)de=power incident on particles of 
sample at proper directions to scatter to the point 
P at angles ¢ to e+de, ¢.=minimum scattering 
angle for ray reaching point P, ¢;=maximum 
scattering angle for ray reaching point P, ¢ = total 
power incident on particles of sample. 

The limits of integration are finite and readily 
determined from the slit geometry. The function 
n(e) is not easily evaluated. However from 
physical considerations the assumption of a con- 
stant value for n(e) through the range Ae proba- 
bly give rise to a slightly greater correction than 
most real distributions m(e), where Ae=e,—€2. 
Then n(e)Ae=¢, and 


I,= f a I/Acde. (10) 


The error arising from the microphotometer slit 
employed has been evaluated separately and 
shown to be less than ten percent of the collima- 
tion error derived below. Other workers*!” have 
considered only slit height, neglecting the effect 
of slit width. Equation (10) may be evaluated 
using values of J from Eqs. (1), (6), or (7). The 
use of Eq. (1) or (6) calls for numerical or 
graphical integration. 

The limits ¢, and ¢: must also be evaluated. 
Figure 3 shows a collimation system of two 
identical slits of width (a) and height (5), sepa- 


17M. H. Jellinek and I. Fankuchen, Ind. Eng. Chem. 37, 
198 (1945). 
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Fic. 4. Collimation error vs. slit 
width, showing minima. 
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rated by a distance (1), with the film a distance 
(L) from the second slit. 

By assigning direction cosines to the incident 
and scattered rays in Fig. 3a, the angle of maxi- 
mum scattering (€:) may be expressed as a func- 
tion of the geometry (a, b, 1, L) and r, where r is 
the distance from the center of the pattern to the 
point P. For a, b and r much smaller than / and L, 
€,; may be expressed, 


€:=(a?+2tae+ 2+ 2A?/a?]}, (11) 


where §=(2L+1)/2Ll, A =ab, slit area, e=r/L. 
The angle of minimum scattering is seen at once 
from Fig. 3b to be 


€2 = e— fa, (12) 


A plot of Ae as a function of (a) for selected 
values of (1, L, A, €) is shown in Fig. 4. Values 
of J and L selected are 117 mm and 210 mm; the 
value of ¢€ is 26X10-* radian, to agree with ex- 
perimental conditions. These curves exhibit 
minima which are significant as an indication of 
the slit dimensions yielding the minimum collima- 
tion error. The range of integration (Ae) is used 
as a measure of the collimation error for given R 
and \. More generally, A(kR)=[27R/\ ]de is a 
measure of the collimation error. 

To investigate the effect of the collimation 
error in the region of the first secondary shape 
function maximum (at kR=5.8 in Fig. 2), the use 
of Eq. (1) for I introduces little difference from 
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2 3 4 Ss 
(a) SLIT WIDTH mm 


the use of Eq. (6), 


I,= MN? f : }?(kR) /Acde. (13) 


This expression has been numerically inte- 
grated for several sets of experimental conditions. 
I/MN? from Eq. (1) is shown as the dotted curve 
A in Fig. 5. The curves B, C, and D represent 
I,/MN? as given by Eq. (13) for 1=117 mm, 
L=210 mm, R=230 angstroms and 


a=0.25 mm 
Curve B< b=0.80 mm 
\=8.32 angstroms 


a=0.05 mm 
‘Curve Cy b=4.0 mm 
\=8.32 angstroms 


a=0.25 mm 
Curve D< b=90.80 mm 
\=1.54angstroms. 


Curves B and D are drawn for near-optimum 
slit geometry as seen from the curve in Fig. 4 for 
a slit area of 0.2 mm?. Curve C is drawn for a long 
slit of the same area in which the collimation 
error is greater by a factor of three. Curve B com- 
pared with A shows a moderate smearing and a 
slight shift of the peaks towards smaller (#R). 
Curve C shows more pronounced smearing and 
shifting as may be expected for the increased Ae 
as seen in Fig. 4. Curve D for the same slit condi- 
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Fic. 5. 


Effect of collimation 
error as computed from Eq. (13), 
showing effect of optimum vs. 








(KR) 


tions as A but harder radiation shows a complete 
washing out of the peak. 


EXPERIMENTAL 


Small angle x-ray scattering data and electron 
micrographs have been obtained on a number of 
samples of colloidal gold of radii fifty to four 
hundred angstroms. The sodium citrate reduc- 
tion'® was found by electron microscopy to yield 
quite uniform sols. Electron micrographs were 
obtained with an RCA model B instrument. The 
specimens were prepared for micrographing in 
the usual manner!’ by drying onto a collodion 
membrane. Calibration of the microscope was 


LU 
\ | 
\ Pe CUP STOP Gon eam | AL onal 


FILM 




















AL TARGET BUTTON 


Fic. 6. Small angle scattering tube and camera. 


18 EE. A. Hauser and J. E. Lynn, Experiments in Colloid 
Chemistry (McGraw-Hill Book Company, Inc., N. Y., 
1940), p. 18. 

19 Zworykin, Morton, Ramberg, Hillier, and Vance, 
Electron Optics and the Electron Microscope (John Wiley and 
Sons, Inc., New York, 1945). 
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long slits and soft vs. hard 
radiation. 
7 
made by comparison with a shadow cast? 


Formvar replica” of a ruled optical grating. 

The small angle scattering geometry is shown 
in Fig. 6. Eisenstein’s demountable x-ray tube” 
was used as a source of soft radiation. An adjust- 
able target was made using a replaceable button 
of soft aluminum. The Ke radiation was excited 
by 4.1 kv electrons at a current of about 25 ma. 
The window and sample mount, both of 0.008- 
mm aluminum foil, together absorb 75 percent of 
the x-rays. The camera was evacuated by a me- 
chanical pump. A Machlett .\-2 tube was used as 
a source of copper radiation with a geometry 
identical with the aluminum camera geometry. 
In this case the film was covered with paper, and 
it was unnecessary to evacuate the camera. A 
Geiger detector was found useful for alignment 
of the slits and cup stop. 

Small angle scattering data was recorded on 
Eastman Non-Screen Film, and the film densities 
were measured using a Leeds-Northrup recording 
microphotometer. This method of recording x-ray 
intensity was found to be linear for both copper 
and aluminum radiation over the entire range of 
recordable densities. 

The use of filtering for monochromatization 

20R. C. Williams and R. W. C. Wycoff, J. App. Phys. 17, 
23 (1946). 

21°C. J. Burton, R. B. Barnes and T 


Eng. Chem. 34, 1429 (1942). 
2 A_S. Eisenstein, Rev. Sci. Inst. 13, 208 (1942). 


. G. Rochow, Ind. 
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has been justified by the validity of small angle 
data taken by other workers” using filtered radia- 
tion. In particular, an experiment by Lea*‘ shows 
that aluminum filtered 4-kv aluminum radiation 
is about 99-percent equivalent K-series. 

Three samples were selected for discussion. An 
electron micrograph of sample 1 is shown in 
Fig. 7. .\ particle size distribution obtained from 
direct measurement on this micrograph yields a 
radius of 232 angstroms plus or minus eleven 
percent. Figure 8 is a plot of the logarithm of the 
scattered x-ray intensity vs. k? for both copper 
Ka and aluminum Ka radiation as indicated. 
The copper curve exhibits no inflections, ex- 
tending inward only to a value of k?=0.510~ 
radians?/angstrom,? corresponding to (RR) = 1.6. 
It should be remarked that inflections in the in- 
tensity curves located at the positions of the 
interference maximum and the first shape func- 
tion maximum have been observed using copper 
radiation with 50 angstrom particles. ‘This is ex- 
pected as the collimation error [27R/) JAE is pro- 
portional to R. From the upward concavity of the 
copper radiation curve, it is expected that the use 
of the exponential approximation, Eq. (7), results 
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Fic. 7. Electron micrograph of sample 1 (232 Angstroms). 


*8 H. H. Hubbell, Jr. thesis, Princeton University (1947). 
“4 1). Ee. Lea, Amer. J. Roentgenology 45, 614 (1941). 
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Fic. 8. Log I vs. k? for sample 1, with both copper and 
aluminum radiation. The interference maximum and first 
secondary shape function maximum appear on the alumi- 
num curve. 


in a somewhat low value for R from the slope at 
(kR) =1.6. This is seen to be the case: 


R=(—Sa)}, 
where a=slope of log J vs. R’, 
R= 193 angstroms. 


The aluminum curve is readily extended to 
smaller (RR) with the same geometry. From the 
aluminum curve in Fig. 8 the slope at (RR) =1 
vields a value of 


R= 248 angstroms. 


For. the region of (RR) smaller than that corre- 
sponding to the interference peak, the slope is 
expected to be greater than that predicted by 
Eq. (1). Thus, a slightly large value of slope a 
and hence of R may be expected. 

The two peaks in Fig. 8 occur at k? =0.85 and 
4.2 10-4 radians?/angstrom.? A comparison with 
lig. 2 identifies these peaks with the inter- 
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Fic. 9. Log I vs. k* for sample 1 with aluminum radiation, 
showing second and third secondary shape function 
maxima. 


ference maximum and shape function maximum 
at RR=2.5 and 5.8 respectively. From the posi- 
tions of the first peak, a value of R may be calcu- 
lated 


R=2.5/k=271 angstroms. 
From the second peak, 
R=5.8/k=283 angstroms. 


Consideration of the peak shift to smaller (RR), 
shown in Fig. 5, as a result of collimation error 
and a similar shift resulting from non-uniformity 
in particle size leads one to expect high values of 
R calculated from the uncorrected peak positions 
as above. 

The intensity at the first peak in the experi- 
mental curve is 3 of the zero angle intensity ob- 
tained by dash line extrapolation of the curve. 
Referring to Fig. 2, this is seen to agree well with 
the theoretically predicted intensity ratio for the 
parameters selected in writing Eq. (6). The rela- 
tive intensity of the second experimental peak is 
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somewhat higher than predicted. This is ex. 
plained by the probable presence of a few small 
particles in the specimen which may scatter con- 
siderably at angles near the position of the shape 
function maxima. 

Much longer exposure with larger optimum 
shaped slits reveals the second and third shape 
function maxima, as shown in Fig. 9. These 
maxima are observed only as inflections in the in- 
tensity curve due to the increased error from the 
larger slits required to get sufficient intensity to 
record them. The experimental peaks occur at 
about k?=11.5 and 20.5X10~' radians?/ang- 
strom.” Equation (1) predicts their position at 
(RR) =9.1 and 12.3, respectively. From the first 
peak in Fig. 9 

R=9.1/k = 260 angstroms. 
From the second peak: 
R=12.3/k=272 


angstroms. 


Again the inward peak shift has lead to high 
values for R. 
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Fic. 10. Log I vs. k? for sample 2 with aluminum radia- 
tion, showing the effect of slit shape in the smearing of the 
first secondary shape function maximum. 
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Sample 2 is almost identical with sample 1, 
having a mean particle radius of 232 angstroms 
plus or minus thirteen percent. An _ experi- 
mental verification of the effect of slit shape was 
made with this sample. Patterns were taken 
with optimum shape slits and with long slits of 
equal area. The resultant intensity in the region 


of the first secondary shape function maximum is 


shown in Fig. 10. The (0.45X1.1 mm) slits are 
seen from Fig. 4 to have a collimation error of less 
than half that for the long (0.125 4.0 mm) slits. 
The curve obtained using the optimum slits re- 
veals a hump at about k? = 6 X10~* radians?/ang- 
strom.” This leads to 


R=5.8/k =237 angstroms. 


The curve obtained using the long slits shows no 
measureable hump. 

Sample 3 serves to demonstrate the extension 
of small angle scattering methods of particle size 
determination to larger particles. An electron 
micrograph of this sample is shown in Fig. 11. 
The particle radius from this micrograph is 380 
angstroms plus or minus 16 percent. The in- 
creased non-uniformity of size and the increased 
particle radius [larger A(RkR) | both lead to the in- 
creased smearing of the peaks observed in Fig. 12. 
The slope analysis may be applied to the alumi- 
num curve in Fig. 12 which extends in to k? = 0.04 
radian?/angstrom? or (kR) =0.76. From the slope 


of the tangent, 
R=(—5a)!=387 angstroms. 


The copper curve on the other hand terminates 
at k?=().9 radians?/angstrom,? corresponding to 
(RR) =3.6. This is well beyond the range of 
validity of Eq. (7). As the slope of the copper 
curve is increasing with decreasing k?, the slope 
at the innermost end of the data may be expected 
to vield a low value for R; 


R=(—5a)!=190 angstroms. 


It is readily shown from Fig. 3 that at angles 
smaller than ga, the unscattered beam is present. 
For the geometry used £a equals about 2107 
radians. For 380 angstrom particles and copper 
radiation this corresponds to (kRR)=3 and for 
aluminum radiation to (kRR)=0.6. Considering 
this limitation [e€>2X10-* radians] together 
with the condition prescribed, earlier for the 
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Fic. 11, Electron micrograph offsample 3 (380 Angstroms). 


application of Eq. (7) [(RR)<1.5] a general 
criterion may be formulated that for valid appli- 
cation of Eq. (7): R<120X. 


CONCLUSIONS 


A treatment based on earlier fluid scattering 
theories is developed for the interference between 
particles. The position and magnitude of the 
small angle scattered intensity maximum pre- 
dicted by this treatment are confirmed by experi- 
ments using collodial gold specimens. 

Several errors arising in small angle scattering 
measurements are discussed. The collimation 
error is evaluated taking account of slit width as 
well as slit height. An optimum height to width 
ratio is determined and experimentally verified. 

The relative collimation error [27R/) ]Ae is 
reduced by using long wave-lengths (8.32 ang- 
stroms), as shown by the presence of pronounced 
intensity maxima. The positions and intensities 
of the first three secondary shape function max- 
ima are checked with theory. 

The usual method of small angle analysis is 
shown to be valid only for particles of radius less 
than 120 wave-lengths. The use of longer wave- 
lengths permits measurement on larger particles, 
extends the actual data spread for particles of a 
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Fic. 12. Log I vs. k for 
sample 3 with both copper 
and aluminum radiation. 
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given size, and achieves improved electron micro- 
scope correlation. 
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Aberration Correction with Electron Mirrors* 


E. G. RAMBERG 
Radio Corporation of America Laboratories, Princeton, New Jersey 
(Received August 11, 1948) 


Both the spherical and the chromatic aberration of electron microscope objectives may, in 
principle, be corrected with the aid of a uniform retarding field acting as a mirror. Such an 
arrangement has the drawback of requiring a conducting film in the ray path and the insertion of 
the specimen in a region of high field strength. The employment of concave electron mirrors with 
concentrated field distribution, forming a real image of approximately unity magnification, is 
free from this drawback. The formulas for spherical and chromatic aberration, presented in a 
form suitable for calculation, are applied to a characteristic electron mirror field of this type 
(= C+tanh(sinhz)). It is found that the aberration coefficients of the mirror are so large, how- 
ever, that this method of aberration correction encounters serious practical difficulties. 





T is generally recognized that the spherical 

aberration of present-day electron-microscope 
objectives constitutes a limiting factor in the 
performance of electron microscopes. Proposals 
for correcting this defect have taken a number of 
different directions. Scherzer, in a recent critical 
examination,! lists the following procedures, 
partly devised by him: 


1. The use of high frequency fields to vary the 
relative refractive power of the marginal and 
axial portions of the optical system during the 
transit of the electrons. 

2. The introduction of balanced asymmetries 
into the lens system. 

3. The insertion of controlled space charge.’ 

4. The insertion of axial electrodes.* 

5. The placement of metal films into the ray 
path. 

6. The utilization of electron mirrors. 


Among all these methods, the employment of 
electron mirrors possesses advantages from the 
point of view of simplicity and the absence of 
essential asymmetries and obstructing materials 
from the critical imaging region. This justifies a 
closer examination of this possibility. 

The fact that correction of spherical and 
chromatic aberration is possible with the aid of 
electron mirrors follows immediately from the 

* Presented at the Second Annual Symposium on 


eee Mathematics, Cambridge, Mass., July 29-31, 
48. 


10. Scherzer, Optik. 2, 114-132 (1947). 


2D. Gabor, The Electron Microscope (Hulton Press, 
London, 1944). 


31D. Gabor, Nature 158, 198 (1946); J. W. Dungey and 
C. R. Hall, Proc. Phys. Soc. London 59, 828-843 (1947). 
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characteristics of the uniform retarding field 
(Fig. 1).4 If the field strength is —#’ = —4,/d and 
the initial kinetic energy of the electrons is e®;, 
the equations of motion 


*7=0; Z=e0’/m=e;/(md) (1) 


can be solved exactly, leading to the solution, for 
a ray leaving the point z=0, r=0 with an initial 
radial velocity component (2e®,/m)?, 


r=2d{[(®,/b)(1—-®,/#,) }} 
+[(®,/@,(1—4,/6;—2/d)}§}. (2) 


The apparent point of divergence of the reflected 
ray, in the plane z=0, is, hence, at a distance 


—r/r' =4d(1—©®,/;) =4d(1— 6) (3) 


from the plane; the prime indicates differentia- 
tion with respect to z and @ is the (small) angle of 
inclination of the electron path at the point of 
origin (object point) relative to the field lines. It 
follows that, if this system is combined with an 
electron microscope objective with a focal length 
somewhat greater than 4d and a spherical aber- 
ration of —4d6’—which is readily attainable with 
magnetic electron microscope objectives—the 
object being placed on a thin plane metallic film 
A separating the region of uniform field in the 
mirror from field-free space in the lens, a system 
corrected for third-order spherical aberration is 
obtained (Fig. 1). Illumination would be provided 
from a source at the left, through the objective 
lens. Furthermore, if the same calculation is 


4Zworykin, Morton, Ramberg, Hillier, and Vance, 
Electron Optics and the Electron Microscope (John Wiley & 
Sons, Inc., New York, 1945), p. 630 (cited below as EOEM). 
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Fic. 1. Correction of aberrations of an electron lens by 
combination with a retarding field acting as an electron 
mirror. 


carried out for an initial kinetic energy e(#;+A®), 
it is found that the point of divergence is shifted 
away from the plane z=0 by 4dA®/#;. Since the 
chromatic shift of focus of a thick magnetic lens 
is somewhat smaller than fA®/#;, where f is the 
focal length of the lens, the system described 
promises to correct spherical and chromatic 
aberration simultaneously. 

Unfortunately, from a practical point of view 
the above system is less attractive. The necessary 
conducting film intersects the ray paths in an 
optically active region and is subject to very high 
fields. The specimen, similarly, is in a high field 
region, making its insertion and manipulation ex- 
tremely difficult. In brief, it seems that the 
system described has few, if any, advantages and 
many serious disadvantages as compared with 
objectives corrected with conducting films. 

To make an electron mirror correcting system 
practical it seems essential that the object be 
placed in field-free space, making the insertion of 
a conducting film unnecessary and facilitating 
manipulation of the specimen. Furthermore, it 
appears desirable to let the mirror produce a real 
image fairly close to the object, so that disturb- 
ances which may be introduced by the latter have 
a relatively small effect on image resolution. 
Figure 2 shows, schematically, an arrangement 
which fulfills these conditions. The illuminating 
beam is separated, in the example shown, from 
the imaging beam by a transverse magnetic field ; 
the distortion introduced by the transverse field 
may eventually be corrected with the aid of 
symmetrizing screws in the projector.® The object 


5 See J. Hillier and E. Ramberg, J. App. Phys. 18, 48-71 
(1947). 
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is placed a small distance from the focal plane of 
the objective and the “concave”’ mirror® voltage 
adjusted to form an image of it in the focal plane. 
It is seen that the illuminated area of the object 
is determined by the separation of the object and 
focal plane and by the relative aperture of the 
objective. The reflected rays pass again through 
the object, which presents least obstruction if it 
is freely suspended in the object support openings. 

A mirror field which satisfies the requirements 
of smooth variation and relatively rapid cut-off 
is represented by the axial potential 


b= }3(0,+- 60) +3(1—9) tanh(sinhz) (4) 


to which the off-axis potential is related by 


a) ( — 1)” Y 2n 
¢(z, r) = . a ~0(Z) . (5) 
one (st)? 2 


Close to z=0 this field resembles that between 
two coaxial equidiameter cylinders with a diame- 
ter 2.63 measured in the same units as 2.” For 
values of z in excess of 2, on the other hand, the 
potential rapidly reaches a constant value and the 
field-determining electrodes approach the axis 
closely, so that in this region changes in the 
electrode configurations have little effect on the 
action of the field. This is evident from the 
equipotential pattern shown in Fig. 3, which was 
determined with the aid of Eq. (5). 

The fact that the ray paths exhibit an infinite 
slope at the reversal point even in the paraxial 
approximation makes it desirable to employ a 
parametric representation of the paths. With the 
time as parameter the path equations become the 
usual equations of motion: 


€ OG; e e 
i, =— — = ——7,?,”’ +—7'o"V, (6) 
m or 2m 16m 
2e¢, 2eh, er’ 
Z,=2 <r t)tm —-"—_y), (7) 
m m 2m 


Here the subscript s denotes the second approxi- 
mation, corresponding to the retaining of the 
third-order aberration terms. If r(t), z(t) is the 


®It may be noted that the “convex” electron mirrors 
which have been studied were found to have the wrong sign 
of spherical aberration to bring about correction (see e.g., 
EOEM, p. 631). 

7See S. Bertram, Proc. I. R. E. 28, 418-420 (1940). 
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paraxial solution for an electron leaving the axial 
object point 29 at the time ¢ with an initial 
radial velocity component 79: 


er : 
- ”, 
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2m 


t—to J @ed/m)-as 1<t 
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-{ (2eb/m)—*dz t>t,. (8) 


“rT 


t—t, 


Here ¢, is the paraxial reversal time, correspond- 
ing to the arrival of the electron at z,(#(z,) =0). 
It is assumed that the electron is incident on the 
mirror in the positive direction along the z-axis. 
Near the point of reversal, &(z) = ’(z,)(z—z,), so 
that the evaluation of the integral does not cause 
any difficulty. The derivation of the second ap- 
proximation from this solution is then given by 


Ar=r,—r, Az=2,-—2, 
er ep’”’ eply 
Ai'+—" Ar = R(t) = ———rAs+——+?; (9) 
Im 2m 16m 
2eb\ * / ’ 
x= +/( ) ( a0), (10) 
m 2 
p’”’ mir 
Ot) =—r* + 


Sb deb 


The solution of the equation for Av can be carried 
out by standard methods’ provided that Az(t) has 
been found. Thus, for t=¢;, corresponding to the 
time at which the paraxial electron has returned 
to the axis, 


ti 
Ar(t;) = —(M, ro) f R(r)r(r)dr, = (11) 


where M is the magnification. 

The determination of Az is somewhat more 
complex. For t<t, Eq. (10) is readily integrated 
to yield 


t 
se= —(2eb/m)! f O(t)dt. (12) 
to 


Since the integrand becomes infinite as t—+#,, it is 
advisable to carry out the integration by parts 


8 See e.g., E. P. Adams, Smithsonian Mathematical 
Formulae and Tables of Eisptic Functions (Smithsonian 
Institution, Washington, 1922), Formula 8.410. 
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suggested by following form of Eq. (12): 


2eb 
a= (— : *) do f QO(t)dt 


t 2 m\?3 
—OQ(t)— —(~ ) a (13) 
ti ’ 2eb 
This leads to the expression, for tSt,: 
26 2eb\ } 
s2-— 00 +(—) 
p’ m 
oe p’’2 mb” 7 
G-Lo4 
40’ p’? 2eh’? | 
m \?} 2%, 
(2) fa *ow]}. a 
2eb oe’ 4 





The expression with the lower sign, for ¢>t#,, is 
obtained with the aid of the requirement that 
both Az and Az be continuous at ¢=#,. Equation 
(14) contains only finite terms and is employed in 
a range of t(t;<t<t.) about ¢, in which ®’ has 
relatively large values.® For ¢>t?2, finally, 


P\? 2eP 
ae-(—) ant (= =) f Q(t)dt. (15) 
PD» m 


In terms of Ar(t;) and Az(t;), the deviation of 
the ray in the paraxial image plane becomes 


r(z;) =Ar(t;)+Az(t;)r(t;)(2eb;/m)-*. (16) 
pe Focal Plane 
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Fic. 2. Correction of aberrations of an electron micro- 
scope objective by combination with a “concave’’ electron 
mirror. 


®It should be noted that the constant coefficient of 
(2e@/m)* in Eq. (16.85) of EOEM is in error; this equation 
should, accordingly, be replaced by Eq. (14) of this paper, 
generalized to include the effect of a magnetic field. A 
similar change to 


f 4 
as=—a0{12(%) 
|@ m 


x| eo 


) (ee 
J th 2’ (=) 


is required in Eq. (16.125) of EOEM. 


Az 
sy) 


185 





- d=-1 
oo. J 





ones “NOTH ND 
ar ont “5000090009 
eocococo0 odo eenne 



































© = tanh (inh z) 





To make the combined spherical aberration of 
the mirror and objective lens equal to zero it is 
necessary that the quantity Ar(z,)/r;’* be equal to 
the aberration constant Cf of the objective. The 
actual evaluation yielded: 


Ar(z;)/ri’? =7560 units for 2;= —8.55, 

M=-—1, )/6)=—0.219, 
Ar(z;)/r/?= 602 units for 2;= —3.74, 

M=-1, %,/%)=—0.169, 
Ar(z;)/r/*= 67 units for z;= —2.15, 

M= —1, ©,/Po= — 0.128. 


It is seen that the aberration decreases very 
rapidly as the mirror electrode is made less 
negative and that the aberration of the mirror is 
extremely large, so that, to balance the aberra- 
tion of normal electron microscope objectives 
(which is of the order of a fraction of a centime- 
ter) the mirror would have to be scaled down to 
unreasonably small dimensions. The last case 
listed represents the closest permissible approach 
of object and image point to the center of the 
mirror consistent with the requirement that the 
object be in practically field-free space, so that 
the aberration constant of 67 units may also be 
regarded as a minimum. Hence the scale unit in 
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Fic. 3. Potential distribu- 
tion in the mirror field 
#=tanh(sinhz). 


Fig. 3 would have to be reduced to a fraction of 
0.1 mm (!) to lead to a mirror which would cor- 
rect a normal high-quality electron microscope 
objective. It is interesting to note that the 
chromatic aberration of the same system!” is given 
by 

Az=70.8A’/*_ 


so that the balancing of the chromatic aberration 
of the objective (given by about 0.8fA®/#p) 
would demand a scale reduction factor of the 
same order. 

The very large values of the aberration con- 
stants obtained in the present example may be 
regarded as characteristic of concave electron 
mirrors; values of similar magnitude have been 
obtained for electron mirrors with a more gradu- 
ally decreasing field. The neglect of the rela- 
tivistic effect is certainly of secondary importance 
in electron microscope applications, particularly 
since it is least in the critical portion of the 
mirror. It is thus seen that the correction of 
electron microscope objectives by electron mir- 
rors, employed in the manner described, meets 
serious practical difficulties. 


10 Calculated by the methods outlined in EOEM, pp. 
575-577, with the correction mentioned in footnote 9. 
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Sweep Frequency Ionosphere Equipment 
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A new sweep frequency ionosphere sounding equipment is described. The equipment records 
ionosphere virtual height as a function of frequency over the range from 1 to 25 megacycles. 
Special features of the device are high power output, good receiver sensitivity, and anti- 


jamming circuits. 





INTRODUCTION 


T is the purpose of this paper to describe the 
sweep frequency ionospheric recorder recently 
completed at The Pennsylvania State College. As 
normally used, the equipment sweeps the fre- 
quency range from 1 to 25 megacycles, recording 
ionosphere virtual height as a function of fre- 
quency. The pulse method of measurement is 
used, as first described by Breit and Tuve,! and 
as later used in radar. 

Although such equipments have been de- 
scribed before,”* the new recorder is believed to 
be of particular interest because of the follow- 
ing features: 


(a) high power output, 10-kilowatt peak; 

(b) excellent receiver sensitivity; signals of less than 
one microvolt are recorded; 

antijamming circuits, which provide good discrimi- 
nation between pulsed and continuous-wave (cw) 
signals, thus preventing most of the cluttering of 
the records by communications services operating 
within the frequency range of the equipment. 


(c) 




















SYSTEM REQUIREMENTS 


The most difficult requirement to meet in a 
transmitter-receiver system operating over such 
a wide frequency range is the tracking of the 
receiver with the transmitter. Other require- 
ments which must be met at the same time are 
power output, receiver sensitivity, receiver band 
width, transmitted pulse shape, frequency sta- 
bility, and height measurement accuracy. 

Tracking was accomplished, as shown in Fig. 1, 
by controlling the operating frequencies of both 
the transmitter and the receiver by means of a 
common oscillator whose frequency is varied 
from 31 to 55 megacycles. In the transmitter, 
the output of this oscillator is heterodyned with 
that of a pulsed 30-megacycle oscillator, and the 
resulting frequency difference, which varies from 
1 to 25 megacycles, is amplified and applied to 
the transmitting antenna. In the receiver, the 
output of the common oscillator is heterodyned 
with incoming signals, and the resulting constant 
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Fic. 1. System block diagram. 


1G. Breit and M. A. Tuve, “A test for the existence of the conducting layer,”” Phys. Rev. 28, 554 (1926). 
? T. R. Gilliland, ‘Field equipment for ionospheric measurements,” J. Research. Nat. Bur. Stand. 26, 377 (1941). 
3 P. G, Sulzer, “Ionosphere measuring equipment,” Electronics 19, No. 7, 137 (1946). 
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Fic. 2. Front-view photograph of the equipment: 


frequency difference of 30 megacycles is amplified 
and detected. 

Thus the main requirement of tracking is 
easily met. It has been found that the equipment 
can be considerably simplified if the signal- 
frequency parts of the transmitter and receiver 
are not tuned. With modern high gain tubes it is 
possible to obtain sufficient power and sensitivity 
over the operating range of 24 megacycles with 
band-pass coupling circuits. By operating the 
common oscillator at a very low power level, 
good frequency stability can be obtained. The 
other requirements are discussed below. 

The following description of the equipment is 
divided into three parts: the transmitter, re- 
ceiver, and indicators. Front and rear-view pho- 
tographs of the equipment appear in Figs. 2 and 3, 
respectively; Fig. 4 is a photograph of the 
recording camera mounted on its control and 
power box. 


TRANSMITTER 


As explained above, the operating frequency of 
the transmitter is controlled by the common 
oscillator, V; of Fig. 5. The frequency of this 
oscillator is varied by an inductive tuning system 
which employs a tapered two-wire transmission 
line wrapped around a rotating drum. The 
transmission line rides against two spring con- 
tacts, varying its active length. The taper is set 
so that a constant rate of frequency change is 
obtained, which produces a linear frequency 
scale in the indicators. The oscillator is followed 
by two buffer stages, V2 and V3, which help to 
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Fic. 3. Rear-view photograph of the equipment. 


prevent feedback from the transmitter to the 
receiver. 

The output of V3; is carried to the transmitter 
intermediate amplifier, Fig. 6, by means of a 
coaxial cable. This unit contains Vs, the pulsed 
30-megacycle oscillator; V;, the transmitter 
mixer; and three stages of amplification, Vs, Vo, 
and Vj. The oscillator is controlled by a 150-volt 
positive pulse obtained from the modulator, 
which is described below. Care was taken to 
make the tuned circuit, which controls the 
frequency of the oscillator, identical with those 








Fic. 4. Photograph of the recording camera and indicator. 
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used for coupling in the intermediate frequency 
amplifier, so that like temperature changes in 
both units would produce the same effect, and 
tracking would not be impaired. 

The mixer, V7, was adjusted for minimum dis- 
tortion, since there is no way of discriminating 
between the fundamental frequency and _har- 
monics in the remainder of the transmitter. This 
is followed by three stages of amplification, Vs, 
Vo, and Vio, which employ conventional video 
amplifier compensation to obtain the required 
band width of 24 megacycles.* The output of the 
last stage is 60 volts r.m.s. during the pulse 
interval. It should be noted that the last stage 
is pulsed, which results in a very substantial 
saving of power. 

The remainder of the radiofrequency part of 
the transmitter, the power amplifier, appears in 
Fig. 7. It consists of three screen-pulsed stages 
of class-A video amplification using type 715-B 
tetrodes. The first stage, Vii, is a conventional 
amplifier with the load connected in the plate 
circuit. The voltage gain of this stage is 7, which 





for View of 
Gonnector Sorted 







is unusually high for such a great band width. 
This is a direct result of pulsed class-A operation, 
which permits high plate current, and conse- 
quently a very high value of grid-plate trans- 
conductance. The second stage, Vie, is a plate- 
cathode phase inverter, which provides balanced 
output for driving the final push-pull stage. Low 
load resistors were used in the phase inverter so 
that high frequency compensation would not be 
necessary. It was felt that the phase-response of 
such compensating circuits might interfere with 
the operation of the push-pull stage. The final 
stage, Vi; and V4, connected in push-pull, 
provides a peak output of 10 kilowatts into a 
600-ohm resistive load. The output is constant 
within 40 percent over the frequency range from 
1 to 25 megacycles. 

The pulse modulator, Fig. 8, generates the 
pulses necessary for keying the various stages of 
the transmitter and triggering the indicator 
circuits. It consists of a blocking oscillator, 
amplifiers, and cathode-follower coupling stages. 
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Fic. 5. Schematic diagram of the common oscillator unit. 


* The transmitter amplifiers were designed and constructed by Gordon H. T. Lee. 
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Fic. 6. Schematic diagram of the intermediate amplifier. 


The blocking oscillator and its synchronizing 
amplifier, Vis, are used to generate short nega- 
tive pulses synchronized to the power line fre- 
quency, or to some external source. The normal 
pulse rate is 60 per second, with provision for 
operating at any frequency between 20 and 100 
per second. 

The output of the blocking oscillator is used 
to drive the indicator circuits, and is also used to 
actuate a trigger circuit,® Vis, which develops 
both positive and negative rectangular pulses of 
variable duration. The pulse duration is variable 
from 20 to 200 microseconds, but is normally set 
at 50 microseconds. 

The negative pulse is used to drive an amplifier 
and cathode follower, Viz, which provides a posi- 
tive 150-volt pulse. Since this voltage is used to 
key the transmitter oscillator, it is necessary that 
its amplitude remain constant during the active 
interval. Otherwise the resulting frequency modu- 
lation would spread some of the transmitter 
power outside the receiver pass-band. 

The positive pulse from the trigger circuit is 

*L. N. Ridenour (Ed.), Radar System Engineering 
(McGraw-Hill Book Company, Inc., New York, 1947), 


p. 502. 
5 See reference 4, p. 497. 
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used to drive Vis, an amplifier which is normally 
biased to cut-off. The negative plate voltage 
pulse from this stage is inverted by means of a 
transformer, and applied to the grids of three 
cathode followers, Vis, Voo, and V2;. These tubes 
are provided with negative cathode returns so 
that the quiescent cathode voltage is —200, 
which is sufficient to cut off the stages being 
controlled. During the pulse the cathode voltage 
rises to +1400. Cathode followers were used as 
output stages to provide good pulse shape and to 
permit isolation between the various pulsed 
stages. The pulse top is flat within 5 percent, and 
the rise time from bottom to top is only 2 
microseconds. 


RECEIVER 


The receiver push-pull mixer, V, and Vs, 
appears in Fig. 5. Triode-connected tubes were 
chosen because of their low equivalent noise 
resistance, which permits low noise figure. Local- 
oscillator voltage is applied between the control 
grids, which are connected in parallel, and 
ground. This method of oscillator injection was 
used because only a small amount of oscillator 
power was available. The antenna connection is 
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Fic. 7. Schematic diagram of the 
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Fic. 8. Schematic diagram of the pulse modulator. 


made to the cathodes of the tubes, which are 
connected in push-pull. 

The remainder of the receiver appears in Fig. 9. 
This includes the intermediate frequency (IF) 
amplifier, detector, video amplifier, differenti- 
ator,® and instantaneous automatic gain control 
(IAGC)’ circuits. 


6 See reference 4, p. 458. 
7 See reference 4, p. 459. 
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An intermediate frequency of 30 megacycles 
was dictated by the type of tracking system used. 
With this high a frequency, a band pass of 40 
kilocycles, which is about the maximum that 
can be tolerated, is difficult to obtain unless 
double conversion is used. Double conversion is 
undesirable because of the many spurious signals 
obtained unless very good shielding is used. It 


191 














was found, however, that with careful design of 
the coils and associated circuits a Q of 260 could 
be obtained. With six such tuned circuits the 
half-power band-pass is just 40 kilocycles. Thus, 
an amplifier with 5 stages, Veo through Vos, was 
chosen. The IF amplifier has a maximum voltage 
gain of 10°, which is sufficient amplification after 
thé mixer to register thermal noise from the 
antenna. 

A 1N34 crystal diode, V2, was chosen for the 
second detector because it is very compact and 
does not have appreciable contact potential, 
which would interfere with the operation of the 
IAGC system. 

It was found necessary to provide an IAGC 
system for the following three reasons: 


(1) As the equipment sweeps through the frequency 
range 1-25 megacycles, certain strong signals overload the 
receiver. Since these signals are usually grouped in bands, 
the result is that large portions of the record are obliterated. 

(2) Ionospheric absorption is low during the dark hours. 
The resulting strong signals produce the same effect as (1). 

(3) Very strong reflected pulses will produce a wide 
trace on the record unless the receiver gain is decreased. 






































Since the gain control is to be operated during 
the pulse interval, it is necessary that very short 
time constants be used in the circuits. The 
system finally used employs direct coupling from 
the crystal mixer to the grids of three of the 
stages, which use remote cut-off pentodes. 

As an additional aid to discrimination between 
pulsed and CW signals it was found helpful to 
incorporate a short time constant (differentiator) 
circuit between the first and second video stages, 
Voz and Vo. It was necessary to follow this 
circuit with a clipper, V30, to prevent over- 
shoot. The remainder of the video system is 
conventional; it consists of a pentode stage 
followed by a triode phase inverter and cathode 
follower. 


INDICATORS 


Two indicators are provided, one for photo- 
graphic recording and one for visual observation. 
The photographic indicator uses a type 5FP7 
cathode-ray tube. The pattern obtained is rectan- 
gular, with virtual height as the ordinate and 
frequency as the abscissa. Photographic records 
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Fic. 9. Schematic diagram of the receiver. 
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Fic. 10. Schematic diagram of 
the indicator unit. 
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are obtained by taking time exposures of the 
entire frequency sweep, which requires from 15 
to 30 seconds. The camera used is an AAF type 05 
35-mm recorder. Although this method of fre- 
quency sweep does not give a truly rectangular 
pattern because of the imperfection of the deflec- 
tion system, it was chosen because it is easy to 
construct. A better pattern could have been 
obtained by moving the film past a fixed base- 
line; however, it was decided that the more 
complicated film drive was not warranted. The 
visual indicator is similar; however, it uses a 
large tube, a 7BP7, V52. The persistence of the 
pattern on the screen of this tube is sufficient to 
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provide a continuous image when the equipment 
is in operation. 

Four different values of full-scale height (range) 
are provided; 500, 1000, 1500, and 2000 kilo- 
meters. As an aid to scaling the records, both 
height and frequency markers are inserted elec- 
tronically. The height markers, which appear as 
solid horizontal lines, are provided at intervals of 
10, 50, or 200 kilometers. The frequency markers, 
which appear as dashed vertical lines, occur at 
intervals of 1 megacycle. 

Figure 10 is a schematic diagram of the in- 
dicator unit. This includes all of the circuits 
for both indicators with the exception of the 
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photographic tube and its focusing and deflection 
coils. 

The functions of this unit are initiated by a 
pulse from the modulator. This pulse actuates a 
trigger circuit, V3, similar to the one in the 
modulator. The duration and timing of the 
sweep period are determined by the trigger 
circuit, which 


(a) actuates the sweep generator, 


(b) provides intensifying pulses for the cathode-ray 
tubes, 


(c) actuates the height marker generator. 


The sweep generator consists of a dual triode, 
V35, connected so that the condenser in the plate 
circuit of the left-hand section is normally kept 
discharged. During the active part of the sweep 
interval the condenser is allowed to charge 
through a high resistance, producing a linear 
saw-tooth voltage. This voltage is rendered 
trapezoidal, as required for linear magnetic de- 
flection, by a small amount of feedback from the 
trigger circuit, and is amplified and used for the 
vertical (height) sweep. 
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The intensifying pulses, which are made rec- 
tangular by means of a limiting amplifier, are 
applied to the control grids of the cathode-ray 
tube to increase the brightness of the pattern 
during the active sweep interval. 

The height marker generator consists of a 
control tube, V36, oscillator, V2, and squaring 
stage, V3;. The control tube functions as a 
cathode follower, effectively placing a low im- 
pedance across the tuned circuit connected in its 
cathode. When the cathode current is suddenly 
interrupted by the trigger circuit, an oscillation 
is initiated, and is maintained by the oscillator 
Vs2. The resulting square-wave output of V37 is 
differentiated and clipped by V3s, and the series 
of negative pulses so obtained is applied to the 
cathodes of the cathode ray tubes. The signal 
voltage from the receiver is also applied to the 
same points. 

Thus during each vertical sweep the signals 
and height marker are seen as bright dots. The 
dots are swept out into lines, which appear con- 
tinuous, by the horizontal deflection circuits. 
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Fic. 11. Schematic diagram of the frequency marker generator. 
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Fic. 12. Schematic diagram of 


the test oscilloscope. 
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Horizontal sweep voltage is obtained from a 
potentiometer mounted on the same shaft as the 
variable inductor used to obtain frequency vari- 
ation. 

The frequency marker generator, Fig. 11, con- 
sists of a standard frequency generator and a 
low sensitivity receiver. The receiver is tuned 
through the frequency range 1-25 megacycles in 
synchronism with the rest of the equipment. 
When its operating frequency coincides with one 
of the marker frequencies, which are spaced at 
intervals of 1 megacycle, a blocking oscillator is 
actuated, producing a dashed vertical line on the 
record. 
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The standard frequencies are produced by the 
1-megacycle oscillator, Vs,, and harmonic gener- 
ator, Vs5. Output from the common oscillator is 
amplified by V2, and applied to the mixer, V53, 
which also receives the standard frequencies. 
The mixer drives a 30-megacycle amplifier, Vee, 
a crystal-diode detector, and amplifiers Vs; and 
Vss. The output of the detector is a symmetrical 
pulse whose maximum occurs at the time it is 
desired to have a marker. By differentiating 
twice, a short pulse timed very nearly at the 
maximum is obtained. The short pulse is used to 
actuate a relay, which controls V9, a blocking 
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(b) (a) 





(d) 


Fic. 13. Sample records. 


oscillator. The blocking oscillator output pro- 
duces the frequency marker. 

The test oscilloscope, Fig. 12, is used for 
aligning the transmitter and receiver, and making 
any other necessary measurements in the equip- 
ment. It has provisions for both continuous 
and separately triggered sweeps. The continuous 
sweep is provided by the blocking oscillator V0, 
while the triggered sweep is developed by the 
trigger circuit Ves, and sweep generator Vg. 
These circuits are similar to those described 
above, and will not be discussed here. 

The test oscilloscope is normally connected to 
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the receiver output, to be used for tuning the 
transmitter. However, a high voltage attenuator 
is provided so that pulses, either DC or RF, can 
be examined in any part of the receiver or 
transmitter. 


RESULTS 


Figure 13 is a photograph of four records ob- 
tained with the equipment. These were made on 
June 15, 1948, at approximately 10:00 A.M., 
EDT. These records are as follows: 


(a) Reflections from E, Fi, and Fy: layers; IAGC and 
differentiating circuits not connected. Interference from 
stations appears as bright vertical lines. 

(b) Same as (a) with differentiation. 

(c) Same as (a) with both differentiation and IAGC. 
Comparing this record with the one immediately above it 
shows that interference by all but the most powerful 
stations has been eliminated. 

(d) An shortly afterward 
showing complicated “splitting” in the F2 region. 


unusual record obtained 


ACKNOWLEDGMENT 


The work reported in this paper was done 
under a contract with the Watson Laboratories, 
Air Material Command, Red Bank, New Jersey. 
The assistance of Mr. H. T. Lee and Mr. R. M. 
Hussey in the construction and assembly of this 
device is gratefully acknowledged. 


JOURNAL OF APPLIED PHYSICS 





it 
1] 


CS 


Work Functions and Conductivity of Oxide-Coated Cathodes* 


G. W. MAHLMAN** 
Research Laboratory of Electronics,*** Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received August 16, 1948) 


The thermionic and photoelectric work functions and the temperature variation of coating 
conductivity have been measured for an oxide cathode. Thermionic and photoelectric currents 
were measured in both retarding and accelerating fields. The two work functions are found to be 
different, but not by the amount predicted by applying simple semi-conductor theory to the 
data. Photoelectric currents fit a Fowler plot rather well over a limited range of frequencies. The 
large decrease in work function with applied field, the poor “saturation” of thermionic currents 
typical of oxide cathodes, and the behavior of the photoelectric currents in accelerating fields all 
suggest that one is dealing with a ‘‘patchy” surface. Applying “‘checkerboard” patch theory to 
the experimental data, one finds that most of the data is accounted for by assuming patches 
about 3X 107‘ cm on a side differing in work function by about 0.2 volt. 





INTRODUCTION 


N 1940-1942, investigations were made inde- 

pendently by Nishibori, Kawamura, and 
Hirano! in Japan, and by Brown? at M.I.T. of 
some of the properties of the thermionic and 
photoelectric emission from oxide-coated cath- 
odes. Nishibori, Kawamura, and Hirano meas- 
ured the thermionic work function ¢, the photo- 
electric work function ¢p.z., and the temperature 
variation of coating conductivity o. They claimed 
their results verified simple semi-conductor theory 
applied to the oxide cathode, but unfortunately 
the measurements of the two work functions were 
made on different cathodes. The variability ob- 
served in the important theoretical quantities 
om, dp.z., and o for oxide-coated cathodes makes 
it necessary that these quantities be determined 
for one and the same cathode. 

Brown determined ¢p.z. from Fowler plots, 
since he found that the data fitted Fowler plots 
quite accurately near the threshold frequency. He 
obtained approximate equality between ¢, and 
ép.z., Whereas Nishibori, Kawamura, and Hirano, 





* This is an abridged treatment of research submitted to 
the Department of Physics of Massachusetts Institute of 
Technology in partial fulfilment of the requirements for 
degree of Doctor of Science. 

** Now at the Research Laboratory of the Linde Air 
Products Co., Union Carbide and Carbon Corp. 

*** This work has been supported in part by the Signal 
Corps, the Air Materiel Command, and O.N.R. 

1E. Nishibori, H. Kawamura, and K. Hirano, Proc. 
Phys. Math. Soc. (Japan) 22, 378 (1940); ibid. 23, 37 
(1941). 

2B. B. Brown, M.I.T. thesis, “An Investigation of 
Certain Electrical Properties of Oxide-Coated Cathodes,” 
1942 (unpublished). 
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using a different procedure to determine ¢p.x., did 
not obtain equality. 

The work reported here is a continuation of the 
researches mentioned above. More complete de- 
tails are available in the M.1.T. doctoral theses of 
the author and of Brown,? and in Technical Re- 
port No. 67 of M.I.T. Research Laboratory of 
Electronics. 

By measurements of $1, dp.z., and the temper- 
ature variation of o, one should be able to learn 
something concerning energy differences between 
occupied and unoccupied energy levels in the 
oxide-coated cathode. Simple semi-conductor 
theory for an ‘‘excess”’ electronic semi-conductor 
yields the following formulas :* 4 


J =10-*Dn,!/?T*!* 
Xexple(—V—3E)/kT ]amp./cm? (1) 


Reflection Barvie (7 
Energy 7 // /// f . rier ) 
_-— f $oMQueTion /_ .__ NASenm 

Bh ff 





=~ Surface States* 
\ 
/lLeb/eA 
WSS fs 


Interface Distance 





Fic. 1. Model of the oxide cathode. 


3R. H. Fowler, Statistical Mechanics (Cambridge Uni- 
versity Press, London, 1936). 

‘F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940). 
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TABLE I. 








tCathode Temperature Obs. Slope /Schottky Slope 











464°K 17.85 at low fields 
9.25 at high fields 
435°K 16.10 at low fields 
8.05 at high fields 
600°K 15.50 at low fields 
8.97 at high fields 
619°K 14.70 at low fields 
so that 
Pth = V+ ,E, 
or.£. = V+E, (2) 
o =09 exp(—eE/2kT) (3) 


where ¢ is the electronic charge, D is the trans- 
mission coefficient, m, is the number of bound 
impurity atoms per cm’, T is the absolute tem- 
perature, k is Boltzman’s constant, and energy 
gaps E and V are those shown in Fig. 1. If 
“surface states’ exist, which are occupied by 
electrons, then one expects that ¢p.z. would not 
equal the energy gap V+£. 


EXPERIMENTAL PROCEDURE 


The experimental tube consisted of a tantalum 
collector and two tantalum guard cylinders each 
3 inch in diameter and 10 mm long, and a cathode 
containing a single embedded probe. Tempera- 
ture of the cathode was measured by a nickel- 
tungsten thermocouple which measured base 
metal temperature, a method justified by the 
work of Fan.’ Monochromatic illumination of the 
cathode was provided by light from a T-10 pro- 
jection lamp after passing through a single 
monochromator. The effects of scattered light 
seemed to be inappreciable. Currents were meas- 
ured down to about 10~'* ampere by a Victoreen 
VX-41 electrometer tube. 

In an effort to avoid interface compounds 
which form due to impurities in the base metal, 
an electrolytic nickel was used as base metal. The 
work of Fineman and Eisenstein® and others indi- 
cated that interfaces form only very slowly on 
such a base metal. The presence of an appreciable 


5H. Y. Fan, J. App. Phys. 14, 552 (1943). 
* A. Fineman and A. S. Eisenstein, J. App. Phys. 17, 633 
(1946). 
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thickness of interface compound could affect the 
measurement of ¢, and consequently might lead 
to an erroneous value of the energy gap E (Fig. 1). 

A platinum probe wire 3 mil in diameter was 
used to determine o. A coating of Radio Mixture 
C-51-2 was sprayed on the nickel core, the probe 
wire spiralled over the coated length, and another 
coating applied to hold the probe in place within 
the coating. 


THERMIONIC EMISSION 


Measurements were made of thermionic cur- 
rents in retarding fields. Results in brief were that 
the energy distribution of the thermions was 
Maxwellian for a temperature equal to that of the 
measured cathode temperature only for retarding 
fields of several tenths of a volt. Large deviations 
from the Maxwellian distribution occurred in the 
region of zero-field. This result disagrees with 
that reported by Fan.* Saturation of the thermi- 
onic currents in small accelerating fields was 
good, thus permitting determination of ‘‘zero- 
field” thermionic currents. As very careful meas- 
urements of thermionic currents in retarding 
fields are now being undertaken by C. S. Hung at 
M.1.T., the results obtained will not be presented 
in detail here. 

Schottky plots of the thermionic currents in 
accelerating fields were straight at high fields 
(1500-5000 volts/cm) and low fields (up to about 
300 volts/cm, and were curved at intermediate 
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Fic. 2. Richardson plots. 
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field strengths. The ratios of the observed slopes 
to the theoretical Schottky slopes are given in 
Table I. These ratios increase slightly with de- 
creasing cathode temperature. 

In Fig. 2 are shown Richardson plots. Plots 3 
and 4 were taken at very nearly zero applied field, 
whereas plot 1 was taken at a collection voltage 
of 224 volts. Both ¢», and the Richardson ‘‘A”’ 
factor [in the Richardson Dushman emission 
equation J=AT? exp(—e¢/kT)] were found to 
decrease as the applied field increased. The line 
numbered 2 in Fig. 4 is one having a slope corre- 
sponding to a work function of 1.82 volts, the 
zero-field ¢p.z.. The measurements certainly do 
not indicate that = ¢p.n.. 


COATING CONDUCTIVITY MEASUREMENTS 


If current is drawn through the oxide coating, 
the embedded probe assumes a certain potential 
with respect to the base metal or core of the 
cathode. As current through the coating in- 
creases, the probe becomes more and more posi- 
tive with respect to the core in accordance 
with Ohm’s law. The slopes of the experimental 
lines enable one to measure the resistance of a 
“slab” of oxide coating having a thickness equal 
to the separation of the probe from the core, from 
which o can be computed. 

Another method of determining ¢ is to consider 
the probe embedded in the coating as two es- 
sentially perfect conductors (the probe and the 
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Fic. 3. Coating conductivity as a function of temperature. 
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Fic. 4. Fowler plots. 


core) embedded in a medium of poor conductivity. 
If a potential is applied between probe and core, a 
current flows. The characteristics obtained are 
not Ohmic except near the origin and they show 
time changes. Difficulties due to polarization 
effects, the formation of dendrites, etc. are 
probably responsible for the observed behavior. 
The slope at the origin is taken as a measure of 
the resistance of the electrode configuration. 

Figure 3 is a plot of loge vs. 1/T which accord- 
ing to Eq. (3) should have a slope —eE£/2k. The 
two methods of measuring o give values in mho 
per cm which agree within experimental error. 
The value of $£ is determined to be 1.2+0.1 
volts. 


PHOTOELECTRIC EMISSION 


The photoelectric currents from an oxide 
cathode fit Fowler plots quite accurately, a result 
first obtained by Brown.? In Fig. 4 are shown 
Fowler plots for different collection voltages. Also 
is a single, rather uncertain determination of the 
photoelectric work function of the collector 
anode. 

Figure 5 shows the variation of ¢p.z, with ap- 
plied field, using the data of Fig. 4. A similar 
variation in @p.z, with field was obtained by 
Brown.? 

A rough check on the zero-field ¢p.z, was ob- 
tained by measuring photoelectric currents due 
to monochromatic radiation in retarding fields. 
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Fic. 5. Variation of photoelectric work function with 
applied voltage. 


The values of ¢p.z, so determined seemed to agree 


better with the Fowler plot values than with 
values of ¢p.z. determined by the procedure 
employed by the Japanese workers Nishibori, 
Kawamura, and Hirano.! 

Figure 6 shows the remarkable behavior of the 
photoelectric currents in accelerating fields, using 
light of different wave-lengths. Near the threshold 
(A= 6600A), saturation is very poor. High energy 
photons (A=4495A) give good saturation, the 
slope of the experimental line being nearly equal 
to the theoretical Schottky slope. An _ inter- 
mediate wave-length (A\=5500A) gives a curve 
which suggests the summation of two curves 
resembling those for \=6600A and \=4495A. 
Results qualitatively similar to these were ob- 
tained by Huxford,’? who used red and green 
filters. 





3 T ] 
} 
<hattky Shopee— 
es | ” | ae } 
a 
2} __ LK GEd00A | ; 
ry / 
~ | A e 
yi. cal ak eee 
~ 44D 3 ae 
| f% | 
ail | 
/ } a 
ea =e 
Threshold A= E800 A 
at “Zera Field” 
} | 











Ol 4 So 2 le _20 4 8B 
WV. volts 


Fic. 6. “Schottky” plots for photoelectric currents at 
different wave-lengths. 


7 W. S. Huxford, Phys. Rev. 38, 379 (1931). 
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PATCH EFFECTS 


It is believed much of the behavior observed, as 
represented for example by the data of Figs. 2, 5, 
and 6 is explainable in terms of ‘‘patch”’ effects, 
The theory of patches is discussed at length by 
Nottingham,’ Becker,® Linford,’ and others, and 
therefore will not be discussed in detail here. 

The surface is visualized as consisting of many 
crystal faces, these faces being areas of slightly 
different work function. The potential barrier of 
a low work function area is lowered appreciably 
(order of tenths of volts) by application of only 
moderately strong fields, whereas the high work 
function barrier is lowered even less than for the 
“‘ideal’”’ image barrier. 

The large amount by which the low work func- 
tion barrier is lowered as field is applied would 
account for the poor “‘saturation”’ of thermionic 
currents, and photoelectric currents near the 
threshold (the curve for \=6600A in Fig. 6), and 
also for the decreases observed in @y», (Fig. 2) and 
op.r. (Fig. 5). The behavior of photoelectric cur- 
rents in accelerating fields (Fig. 6) is qualitatively 
completely explained by the assumption of a 
“patchy” emitting surface. The observed de- 
crease in Richardson ‘‘A’”’ factor with applied 
field results from a decrease in effective emitting 
area, since the patch fields act something like a 
grid, the applied field penetrating the field set up 
by the grid. The Schottky slopes observed would 
be expected to behave in the manner indicated by 
the data in Table I; that is, the ratio of observed 
slope to theoretical Schottky slope should de- 
crease slightly with increasing temperature. 

Figure 7 represents an attempt to estimate the 
approximate size of the patches, and the work 
function differences between them. The variation 
of work function @¢ with field EF is given by: 


do¢/dE=—Z, (4) 


where Z, is the “critical” distance from the 

emitting surface where the force pulling an 

electron toward the cathode equals the force of 

the applied field pulling it away from the cathode. 

Assuming smooth-cylinder geometry, the field £ 

acting on an electron is known as a function of 
8 W. B. Nottingham, Phys. Rev. 49, 78 (1936). 


9J. A. Becker, Rev. Mod. Phys. 7, 95 (1935). 
10 |.. B. Linford, Rev. Mod. Phys. 5, 34 (1933). 
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distance Z from the emitting surface, using 
Eq. (4). 

The circles in Fig. 7 are computed points using 
the data in Fig. 5 to determine d¢p.x,/dE. Areas 
of the circles indicate estimated error, the dashed 
circle being a very uncertain point. 

The X’s in Fig. 7 are computed points, using 
the data from a Schottky plot of thermionic cur- 
rents taken at 535°K. The assumption was made 
that the increase in thermionic current with 
applied field was due entirely to decrease in $y, 
with applied field, an assumption which is proba- 
bly only approximately true. Data using other 
Schottky plots fall in the same region in Fig. 7. 

The curved lines in Fig. 7 represent a first ap- 
proximation to the low work function patch fields 
for the ‘‘checkerboard”’ patches proposed by 
Compton and Langmuir." Square patches 6 cm 
on a side are assumed, each patch differing in 
work function from its neighbors by the amount 
AV. The field acting on an electron leaving the 
surface of a “checkerboard” emitter is then the 
sum of the patch field and the image field. Most 
of the data in Fig. 7 is accounted for by assuming 
patches about 3X10-‘ cm on a side, differing in 
work function by about 0.2 volt. The work of 
Nichols,'* Eisenstein,'* and others indicates that 
these values of b and AV are quite reasonable. 

A more complete discussion than is possible 
here of the theory involved in plotting the data in 
Fig. 7 is given by Linford,” whose analysis of 
data for other patchy emitters suggested treating 
experimental data in the manner shown in Fig. 7. 


MODEL OF THE OXIDE CATHODE 


The original purpose of this investigation was to 
determine ¢, ¢p.v., and the temperature varia- 
tion of o. Referring to Fig. 1, the energy gap E 
was measured to about 2X1.2=2.4 volts, and 
$un=1.5 volts (at zero field, of course). 

If surface states played no appreciable part in 
photoelectric emission or if these states were non- 
existent, we should have ¢p.x.=E+V, assuming 
the photoelectrons came from the “bound” im- 
purity levels. However, ¢p.g. was measured to be 
only about 1.8 volts, not E+ V=2.44+0.3 =2.7 





" K. T. Compton and I. Langmuir, Rev. Mod. Phys. 2, 
123 (1930). 


” M. H. Nichols, Phys. Rev. 57, 297 (1940). 
8 A. S. Eisenstein, J. App. Phys. 17, 434 (1946). 
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Fic. 7. Field acting on an electron as a function of distance 
from the emitter’s surface. 


volts (V=¢u—U1.5—1.2=0.3 volt). Appar- 
ently then the photoelectrons came from occu- 
pied surface levels having higher energy than the 
impurity levels in the oxide interior. 

One might expect the onset of a “‘volume photo- 
electric effect” at about 4600A [AA =hc/e(V+£) 
12,400 (2.7 volts) =4600A]. Such an effect 
would probably be small, as most of the photo- 
electrons would come from the surface, those in 
the interior losing energy in the lattice. Certainly 
no drastic increase in photoelectric current at 
4600A was observed. There is no justification 
from the data obtained for the assumption that 
ép.z.=V+E, as Nishibori, Kawamura, and 
Hirano! have claimed. For Eqs. (1)—(3) to be 
true, the experimental errors would have to be 
much greater than what they are estimated to be. 
This result is really not surprising when one con- 
siders that physically there is every reason to 
suppose that ‘‘surface states’’ do exist. These 
would arise not only from the interruption of 
lattice periodicity at the surface, giving rise to 
“Tamm” levels, but also from the probable ex- 
istence of adsorbed barium on the oxide-coated 
cathode surface. 

The photoelectric currents behave in many re- 
spects, though not in all respects, like those from 
metals. Thus the fit of the data to a Fowler plot 
is remarkably good near the threshold, and 
“Fermi tails” are observed. Certainly no marked 
“resonances” occur, as one could expect for 
electrons emitted from discrete energy levels. 
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It should be pointed out that the measurements 
used to determine energy gaps are not beyond 
criticism. Thus it has been suggested that in 
measuring temperature variation of « by means 
of a probe, one is in fact measuring thermionic 
emission as it varies with temperature. This 
criticism seems a bit farfetched, however, as there 
is little in the observed behavior to suggest 
thermionic emission, and the measured values of 
4E and $x differ by 0.3 volt. 

The cathode on which the results of this study 
are based was not the most active attainable. It 
showed a zero-field value of ¢,,=1.5 volts and a 
value of 1.33 volts at a field of about 110 volts/cm. 
A more completely activated cathode would have 
had a value of ¢ of about 1.1 volts at a field of 





110 volts/cm. The value of E=2.4 volts is equal 
to the highest value reported by Nishibori, 
Kawamura, and Hirano.' Their data indicates 
that a high E goes with a high $y. The ¢p.x. ob- 
tained here checks rather closely with the 
Nishibori e¢ al. values, but is 0.3 to 0.7 volt higher 
than those of Huxford’ or Brown.? Here again 
activity differences may account for some of the 
discrepancy. 

‘The author wishes to express his thanks to 
Professor Wayne B. Nottingham and his group 
for many stimulating discussions concerning the 
results of this research. Thanks are due also to 
many members and technicians of the Research 
Laboratory of Electronics for assistance and 
advice in the construction of experimental tubes, 





A Positive-Replica Technique for Electron Microscopy* 


C. M. Scuwartz, A. E. Austin, AND P. M. WEBER 
Battelle Memorial Institute, Columbus, Ohio 


(Received August 18, 1948) 


A positive-replica technique for electron microscopy has been developed, which reproduces 
the contour variations of the specimen surface, and permits direct visual interpretation of 
elevation. The method utilizes two resins, each mutually insoluble in the solvent for the other, 
specifically, polyvinyl alcohol plus Formvar. Shadow casting of the Formvar positive replica 
enhances detail and highlights the areas in relief in the original surface. Examples are given, in 


particular, applied to wear-test specimens. 


INTRODUCTION 


N the course of an extended investigation** of 

journal-bearing behavior, now in progress, 
electron-microscopic studies of the effect of wear 
under load have found application in evaluating 
such phenomena as seizure, metal flow, and 
burnishing. The results are incomplete and will 
be described at a later date. However, certain re- 
quirements of specimen preparation, which were 
specific for this application, led to the develop- 
ment of a two-replica technique; a description 
thereof is warranted at this time by possible 
general utility. 

The objective was the investigation of changes 
in surface contour during wear, in particular, at 
~ * Presented before the Annual Meeting of the Electron 
Microscope iety of America, the Franklin Institute, 


Philadelphia, December, 1947. 
** ONR Contract No. N5-ORI-III, Task Order ITI. 
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the first incidence of seizure under light loads. 
Although the bearings were run under conditions 
normally considered to be those of fluid-film 
lubrication, evidence of metal-to-metal contact at 
the high spots was sought. 

The proposed test conditions imposed certain 
restrictions as to sample preparation, which did 
not appear to be met by existing techniques. The 
specimen itself, a 14-inch diameter cylindrical 
steel shaft, several inches long, provided the first 
restriction, namely, that the silica-polystyrene 
method! could not be used, owing to the im- 
practicality of molding a sample of such shape. 
Furthermore, the examination had to be non- 
destructive, since it was planned to examine the 
same area of each shaft before and after a wear- 


1 R. D. Heidenreich and V. G. Peck, J. App. Phys. 14, 23 
(1943). 
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Fic. 1. Electron micrograph of negative replica of fine- 
ground steel shaft, shadow cast with gold, at 10:1 angle. 
7000 X. 


test run. The principal interest was in recording 
details of the change in contour of the peaks and 
high spots of the metal surface during wear. The 
simple lacquer-film replica does not provide suffi- 
cient contrast and detail. These qualities can be 
accentuated by the method of shadow casting,” 
but when applied to a negative replica only the 
pits and valleys of the original surface are 
accentuated. 

What is needed, therefore, is a two-step process 
yielding a positive replica, whose ridges, corre- 
sponding to high spots of the original surface, 
may be highlighted by shadowing. A solution of 
this problem has been found in the present work, 
in the selection of two plastic materials, each 
mutually insoluble in the solvent for the other. 


EXPERIMENTAL 


The combination of water-soluble polyvinyl 
alcohol (PVA) and Formvar (soluble in ethylene 
dichloride) appears to satisfy the requirement of 
mutual insolubility in the respective solvents. 
PVA films disintegrate in the electron beam, so 
that the combination must be used with PVA as 
the intermediate negative replica. 

It is necessary to obtain complete dissolution 
of the PVA film in water at one step in this 





?R. C. Williams and R. W. G. Wyckoff, J. App. Phys. 17, 
23 (1946). 
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Fic. 2. Electron micrograph of positive replica of same field 
as in Fig. 1. Shadow cast with gold. 7000 xX. 


method. Of the two types, A and B, offered by the 
manufacturer,’ the former is the more soluble in 
cold water. This is supplied in several grades, 
varying in viscosity. Of those tried, the grade 
Elvanol A 51-05, which has the lowest viscosity, 
appeared to satisfy our requirements. 

Attempts were first made to prepare thick 
negative replicas by impression of sheet PVA, 
using moderate heat and pressure, and with pro- 
vision for subsequent chilling before release of the 
pressure. The results were not entirely satis- 
factory, owing mainly to reduced solubility of the 
material after this treatment. Films cast directly 
upon the metal surface, using a water latex of 
PVA, were then tried and found quite satis- 
factory. The possibility was considered that 
ferrous samples would rust in contact with the 
aqueous solution. However, a direct test, using 
electron diffraction, showed this effect to be 
inappreciable. A freshly abraded steel sample, 
successively filmed and stripped several times, 
showed no significant evidence of rust formation 
in subsequent examination of the metal surface 
by electron diffraction. 

The detailed procedure follows: 2 drops of a 15 
percent aqueous latex of PVA are spread over an 
area of sample of about 1 cm*. The film is per- 


3E. I. Du Pont de Nemours and Company, Electro- 
chemicals Department. 
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Formvar in ethylene dichloride,‘ and allowed to 
dry quickly in a vertical position before the heat 
lamp, the excess solution being simultaneously 
drawn off the bottom edge with a piece of filter 
paper. 

The composite film is conveniently cut into 
g-inch squares, which are placed carefully upon 
the surface of clean water, so as to float PVA side 
down. The latter dissolves, and the remaining 
Formvar film, which continues to float, is washed 
free of any PVA by continuous dilution with 
warm water. The Formvar positive film is picked 
up with the standard screen-disk specimen sup- 
port, and subsequently handled in the usual 
manner. 

An interesting and extremely useful corollary 
procedure has developed from the consideration 

Fic. 3. Electron micrograph of positive replica of fine- of mutual insolubility of these two resins, and 
ground steel shaft, before running in bearing test. Shadow from the observed adhesion of PVA. In the prepa- 
cast with gold. 7000 x. ration of Formvar negative replicas, the PVA 
latex has been found very satisfactory for 
stripping the Formvar film off metal and other 
surfaces. The method is somewhat similar to that 
which employs gelatine.» A PVA latex lens is 
applied over the dried Formvar film, the water 
allowed to dry as above, whereupon the com- 
posite film is peeled completely with no difficulty. 





mitted to dry under a heat lamp, at a distance of 
several inches. Excessive drying is undesirable. 
When dry, the film is freed carefully at one edge, 
using a thin blade, whereupon it may be grasped 
with tweezers at the free edge and lifted com- 
pletely from the specimen. A rigid but pliable 
negative replica results. The replica surface is 
coated with a layer of 0.75 percent to 1.0 percent 








Fic. 5. Electron micrograph of positive replica of field 
adjacent to that of Figs. 3 and 4. Gold shadowed. 7000 X. 


Fic. 4. Electron micrograph of positive replica of same field ‘V. J. Schaeffer, J. App. Phys. 13, 427 (1942). 
as in Fig. 3, after wear test. Gold shadowed. 7000 X. 5V. J. Schaeffer, Phys. Rev. 62, 495 (1942). 
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The entire area of Formvar under the PVA comes 
free. The composite film is separated by dissolu- 
tion of the PVA as described above. The ad- 
vantages of this method over the Scotch-Tape 
method® are apparent in the complete absence of 
strain in the replica, and in the certainty of com- 
plete stripping. The gelatine method suffers in 
comparison, owing to the much greater adhesion 
of the PVA, and the simplicity of manipulation 
thereof. 


EXAMPLES OF ELECTRON MICROGRAPHS OF 
POSITIVE REPLICAS 


This positive-replica technique was initially 
developed for the purpose of furnishing a repre- 
sentation of the surface contours of journal 
bearings and corresponding shafts. Figures 1 and 2 
exemplify the advantages of this technique in 
providing a contour representation which is 
readily interpreted by inspection. These micro- 
graphs are, respectively, from negative and posi- 
tive replicas of the same area of a cylindrically 
ground steel shaft, before the shaft was run in a 
bearing. The surface finish consisted of a normal 
commercial fine grind, giving a _profilometer 
reading of about 5 microinches r.m.s. Figure 1, 
from a gold-shadowed negative Formvar replica, 
yields a false impression of elevation. With ex- 
perience, of course, the contour may be correctly 
interpreted; however, the positive replica, Fig. 2, 
is correctly interpreted without conscious effort 
on the part of the observer. The presence of 
peened-over burrs or. fins in Fig. 2 is worthy of 
note. 

Figures 3 and 4 are positive replicas of the same 
area of the shaft before and after wear, respect- 
ively. The wear test run was made under light 
load conditions, 500 p.s.i. for 20 minutes against 
an aluminum bearing, in order to avoid com- 
pletely ‘‘smearing out” all areas photographed 
prior to this test. The field of Fig. 4 has obviously 
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Fic. 6. Electron micrograph of gold-shadowed positive 
replica of pearlitic field from eutectoid steel. Specimen 
mechanically polished, etched in HCl—FeCl;-Methanol. 
7000 X. 


been damaged only moderately. The general con- 
tour of the peened-over region is recognizable as 
corresponding to that in Fig. 3, although a por- 
tion of fin has been chipped out. 

Figure 5 is a replica of a field adjacent to that 
of Fig. 4, about 50 microns distant. The original 
contours are completely obliterated; this type of 
topography did not exist on the original ground 
shaft. This field was obviously an area of high- 
pressure contact during the run, resulting in a 
well-burnished surface. 

The positive-replica technique has been applied 
to a few types of metallographic samples, in an 
exploratory manner. Figure 6 illustrates the 
rather excellent possibilities in this field of appli- 
cation. The specimen was a eutectoid steel, 
austenitized and isothermaily transformed to 
yield coarse pearlite. The indications of prefer- 
ential etch attack, with respect to grain orienta- 
tion, are quite apparent. 
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A Mathematical Theory of Photo-Viscoelasticity 


RayMOND D. MINDLIN 
Department of Civil Engineering, Columbia University, New York, New York and Bell Telephone Laboratories, 
Murray Hill, New Jersey 


(Received August 23, 1948) 


A phenomenological law of optical birefringence, induced by small strain in viscoelastic 
materials, is formulated and applied to an idealized medium. The resulting optical-stress- 
strain-time-temperature relations are used in finding conditions under which models made of 
viscoelastic materials may be employed in the photoelastic method of solving boundary value 


problems in the linear theory of elasticity. 


I. INTRODUCTION 
DESCRIPTION of photoelastic phenomena 


in viscoelastic media must include time- 
dependent relations between three second-rank 
tensors: birefringence, stress,and strain. From the 
viewpoint of mechanics of continua it is desirable 
to include, also, space-dependence (non-homo- 
geneous strain) and certain aspects of tempera- 
ture dependence. All of these variables can be 
incorporated in a relatively simple theory if the 
system is assumed to be linear. The attribute of 
linearity is not attained, of course, without some 
loss of generality. The chief sacrifices are finite 
strain and non-linear stress-strain and stress- 
strain-rate relations. In addition, thermodynamic 
effects have been neglected. What remains, 
however, is of considerable interest and wide 
applicability. 

In Section II, a strain-optical law is formulated 
for small strain in viscoelastic media. The stress- 
strain properties of the medium to which the law 
is applied are described in Section III. These 
stress-strain properties are both more and less 
general than those usually employed for similar 
purposes. They are more general in including 
instantaneous elastic compressibility and time- 
dependent viscosity and elasticity, both of which 
are considered to be of interest in photo-visco- 
elastic phenomena. The medium is less general 
in including only one element, each, of instan- 
taneous elasticity, retarded elasticity and flow. 
However, as indicated at appropriate places in 
the text, most of the results take the same form 
regardless of the number of shear moduli, vis- 
cosity coefficients, and time derivatives entering 
into the stress-strain relations. The general 
strain-optical law is applied to the idealized 
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medium in Section IV, and conclusions are drawn 
regarding the relations between birefringence and 
stress and strain in various types of viscoelastic 
media. 

The next two sections deal with the relations 
between stress, strain, and the optical properties 
that are most easily measured, and it is shown 
that, in general, the relations are not simple. 
This is followed by a study of the conditions 
under which these relations reduce to forms 
similar to those for an elastic medium. 

Sections VIII to XII contain an investigation 
of the conditions under which the birefringence 
in a viscoelastic body may be translated directly 
to the stress in an elastic body of the same shape. 
The results are summarized in Section XIII. The 
essence of the conclusions is that viscoelastic 
materials may be used for models in photo- 
elasticity except if there are loads which move 
over the surface of the model. 


II. GENERAL STRAIN-OPTICAL EQUATION 


Consider a continuous, viscoelastic medium of 
which the mechanical model! is an assemblage 
of m elastic elements and an equal, greater, or 
lesser number of viscous elements. Let @;’, 
k=1, 2, ---m, be the small, pure-strain dyadic? 
of the kth elastic element and let 6,’ be its mean 
stretch (i.e., one-third of its cubical dilatation). 
The strain deviation of the kth elastic element 


1See T. Alfrey, Mechanical Behavior of High Polymers 
(Interscience Publishers, Inc., New York, 1948) as a 
general reference on the use of mechanical models of visco- 
elastic materials and especially Appendices II and III in 
which are summarized Alfrey’s investigations of homo- 
geneous and non-homogeneous stress and strain in a very 
general viscoelastic medium. 

2 For the dyadic notation used in this paper, see C. E. 
Weatherburn, Advanced Vector Analysis (G. Bell and Sons, 
London, 1928). 
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will be represented by ®4,’=®,’—6,'I where I 
is the idemfactor. 
Let Il be the index dyadic, so that 


r-Il-r=1 (2.01) 


is the equation of ‘the index (Fresnel) ellipsoid® 
if r is the radius vector drawn from the center 
of the ellipsoid to its surface. 

If it is assumed that the birefringence arises 
solely from the deformation of the elastic ele- 
ments, the most general linear, isotropic relation 
that can exist between birefringence and strain is 


MW — nol => (c,.@ a’ +d,0,'1), 


k=1 


(2.02) 


where c, and d,; are strain-optical coefficients and 
mo is the index of refraction of the unstrained 
medium. 

Before the birefringence can be expressed in 
terms of the macroscopic strain and stress, it is 
necessary to specify the mechanical model of the 
viscoelastic medium and its stress-strain proper- 
ties. 


Ill. STRESS-STRAIN RELATIONS FOR AN IDE- 
ALIZED VISCOELASTIC MATERIAL 


Aside from failure, the important mechanical 
phenomena exhibited by viscoelastic materials 
are instantaneous elasticity, retarded elasticity, and 
flow. All three of these are exhibited, in turn, by 
a simple mechanical model, illustrated in Fig. 1, 
which has been used frequently to represent an 
idealized viscoelastic medium.! 

In Fig. 1, the spring marked (1)’ represents the 
instantaneous elasticity. This element is assumed 
to possess linear, isotropic elasticity, with shear 
modulus G, and Poisson’s ratio 1. It is customary 
to assume that viscoelastic materials are incom- 
pressible and this is, indeed, very nearly true 
especially for retarded elasticity and flow. How- 
ever, if complete incompressibility is assumed, 
the mean strain-optical coefficient d, vanishes. 
Since there is not sufficient experimental evi- 
dence to warrant the omission of d;, the attribute 
of instantaneous elastic compressibility will be 
retained until non-homogeneous stress is con- 


3E. G. Coker and L. N. G. Filon, A Treatise on Photo- 
— (Cambridge University Press, London, 1932), 
p. 17. 
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sidered, at which time (Section IX) the reason for 
the restriction to »;=4 will become apparent. 
The spring marked (2)’ and the dash-pot 
marked (2)” in Fig. 1, together represent the 
retarded elasticity. Incompressibility is assumed 
for this phenomenon and, hence, the linear, 
isotropic, elastic element (2)’ has only a shear 


‘modulus Gz and the linear, isotropic viscous 


element (2)” has only a viscosity coefficient np. 
Finally, the dash-pot marked (3)”’ represents the 
incompressible flow with viscosity coefficient 73. 

In some materials G; and G» are quite insen- 
sitive to temperature over a limited range, 
whereas 72 and 73 depend strongly on tempera- 
ture. Use of this attribute is made in the freezing 
method of three-dimensional photoelasticity. In 
order to include a wide variety of materials, G; 
and Gz: will also be considered temperature de- 
pendent. It will be assumed that the temperature 
is a known function of time and independent of 
the space coordinates and hence we shall consider 
that the viscosity coefficients and shear moduli are 
functions of time only. 

The following notation will be used: 


®,', ®,', ®,'’, ®;/’=pure strain dyadic of ele- 
ments (1)’, (2)’, (2), (3)”, respectively, 

6;’, 0’, 02’’, 03’’=mean stretch of elements (1)’, 
(2)’, (2)’”, (3)”, respectively, 

Ww)’, W.’, W.’’, W3’’ =stress dyadic of elements 
(1)’, (2)’, (2), (3), respectively. 





i a 
| (3)" 


Ns3 











Fic. 1. Mechanical (spring and dash-pot) model of idealized 
viscoelastic medium. 
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0,’, 02’, O.”’, O;’’=mean tension of elements 
(1)’, (2)’, (2), (3), respectively, 


® = macroscopic pure strain dyadic, 
§=macroscopic mean stretch, 
® , = ® — 61=macroscopic strain deviation, 
Ww = macroscopic stress dyadic, 
©=macroscopic mean tension, 
Ww ,= "¥—OlI=macroscopic stress deviation. 
The assumption of incompressibility of re- 
tarded elasticity and flow requires 


0.’ = 6," = 6,/ = 0, (3.01) 


i.e., the pure strain dyadics ®,’, ®,"’, ®,;’’ are 
equal to their respective deviations. The geom- 


etry of the model requires 


®,' =," (3.02) 


®”,/+0,'+o0,” =@, (3.03) 


The geometry and equilibrium of the model 
require 


w/=P/4+P,"”=P;’=P, (3.04) 
0,’ =0.'+ 0." =0;" =90. (3.05) 

Finally, (3.01) and (3.03) require 
6,’ =98. (3.06) 


Then, neglecting thermodynamic effects, the 
stress-strain relations are, for element (1)’, 


WwW, =2G6;(@,' —61), =2G6),®,)', (3.07) 

for elements (2)’ and (2)”, 

O®,’ 
Ww, = 2G,’ +2no— ss (3.09) 
ot 
and, for element (3)”’, 
0@,/’ 
Wy = 2n3s—_-, (3.10) 
ot 


where ¢ is the time. 

Equations (3.07), (3.09), and (3.10) may be 
solved for ®,;’ and ®4.’ (which are required for 
the strain-optical equation) by using (3.03) to 
eliminate @,;” and obtaining the additional 
equation, that is required, by differentiating 
(3.07) with respect to ¢. The results are 


26,94) = Wa, (3.11) 
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ot 
in which d/dt=(dT/dt)(d/dT), where T is the 
temperature. 
The relation between W, and ®,, independent 
of @,’, ®,', ®;’’, is obtained by substituting 
(3.12) into (3.09), with the result 








Go : Ge Ne dG," 
—+F()+(14+—+— — 
_13 G, Gi dt 
G2 d(n2/Gz) ") da 12 | P 
G dt 3 ot G1 Ot. 
d(2/G2)\ a 
=7Z (145% Ji tne. (3.13) 
dt at Ot. 
where 
q d(n2/n3) Go(1+ 2) d(G:/Ge2) 
Pi ee 
dt Gin; dt 
Gino d(no/G 1G," PG," 
(6464 BG “er 3 
3 dt dt dt 


Equations (3.08) and (3.13) describe the relation 
between stress and strain in the idealized visco- 
elastic medium represented by Fig. 1. 

Let 


Gy G2 42 dG," 
P[ =| + FO +(1+ “a en 


13 G, G, dl 


G: d(n2, ‘G2) 72 0 N2 0? 
+ —— ) 
G; dt 3 


ait Wee of (3.14) 
ot G Ot. 


- d ( n2/Ge) 0 0 ” 
Qt 1=|G.(14+—% 2) i +n: -|. (3.18) 
dt at or? 
Then (3.13) becomes‘ 
P[W,]=2Q[@,]. (3.16) 


One of the materials used very frequently in 
photoelasticity is a cross-linked polymer (Bake- 
lite BT-61-893) which exhibits instantaneous and 
retarded elasticity, but no flow. For materials of 
this type n3= %, and G,; and Gz, are constants. 





‘See reference,1, p. 561, for comparison. 
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ws 


Hence, (3.13) reduces to 


; S,! du: a “lw 
| ws G\ dt Gy dl , 


dye 0 
= 6 no | (3.17) 
dt ot 


Setting ns= ~*~, Gi=constant, in (3.12), and 
using (3.17), the expression for ® 2’ reduces to 


1 dn 
2G, 9..' = (: Te =) (2G,@,—W4). (3.18) 


r4 


IV. STRESS-STRAIN-OPTICAL EQUATION FOR 
THE IDEALIZED MEDIUM 
The general strain-optical equation (2.02) 
reduces, for the idealized medium, to 


We — 29 71 = @ a) +282.’ +d, 61. (4.01) 


Thus three strain-optical coefficients, ¢1, C2, di, 
are required to describe the optical properties of 
the idealized, isotropic, viscoelastic medium as 
opposed to two coefficients for an isotropic, 
elastic medium. Two of the coefficients in (4.01), 
namely, c,; and ¢e, are relative strain-optical coef- 
ficients and contribute only to relative phase 
retardation, as will be shown below. The third 
coefficient, d;, is a mean strain-optical coefficient 
whose magnitude can be determined only by 
measurement of absolute phase retardation. All 
of the coefficients may be temperature-dependent. 

The relation between birefringence and macro- 
scopic stress and strain is obtained by sub- 
stituting, into (4.01), the expressions for ®,;’ and 
®,.' given in (3.11) and (3.12), with the result* 


Ic ) a," 
1 not =—| —* +- (14241 — 
2 Gy, Go 23 dt 


N2 fa ToN2 OP 
‘ ~) wy dol. (4.02) 
G1 ot G 9 


rT? C 
Let 
lf c C2 N2 dG," 
R[ I-,| + (14 +~— 
2LG, Ge 3 dt 


m2 0 
spe ~ ) | (4.03) 
G, 0 


*It may be observed that, inasmuch as the elastic 
elements are assumed to be linearly elastic, the general 
strain-optical relation, Eq. (2.02), might just as well have 
been expressed in terms of the stresses in the elastic ele- 
ments, with similar results. 
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S[{ ]= —. (4.04) 


Then the stress-strain-optical equation becomes 
W—no?I=R[W2]+2S[®.]+di0I. (4.05) 


In the case of the medium exhibiting no flow 
(n3= %, G,; and G2=constants), the relation 
between birefringence and stress and strain is 
obtained by substituting (3.11) and (3.18) into 
(4.01), with the result 


n—nI=— (142 <) Iw 
—no Il =—_] C1—€2 —— 
o 9G" G» dt ? 


1 dn 
1+— — }@,-+d,6I. 4.06 
+0(14+—) +d,01. (4.06) 


It is interesting to observe that, in the medium 
exhibiting flow, the relative birefringence de- 
pends upon the stress, stress-rate, and strain-rate 
and is independent of the strain itself. In the 
medium exhibiting no flow, the relative bire- 
fringence is simply a linear function of the stress 
and strain and is independent of both the stress- 
and strain-rate. In the case of a medium ex- 
hibiting flow but no retarded elasticity, ®,’ is 
absent from (4.01), and the expression for bire- 
fringence is obtained by setting c.=0 in (4.02), 
whence the relative birefringence depends only 
on the stress. 

Stress-strain-optical equations analogous to 
(4.02) can be obtained for a viscoelastic medium 
represented by a model having any number and 
arrangement of elastic and viscous elements 
since the system of stress-strain equations for the 
elements can always be solved for the ®,;’ to 
obtain expressions corresponding to (3.11) and 
(3.12). A similar situation obtains in regard to 
stress-strain relations analogous to (3.13). Thus, 
wherever the linear operators P[ ], Q[ ], R[ ], 
S[ ] appear, they may be replaced by another 
set of linear operators appropriate to a different 
material. 


V. OPTICAL MEASUREMENTS 


The optical quantities which are most easily, 
and therefore most commonly, measured are 
relative phase retardation (p) and amplitude 
ratio (y). 

In the case of homogeneous birefringence, the 
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relative phase retardation is given by 
p=2nrL(m,—n2)/dX, (5.01) 


where L is the path length, \ is the wave-length 
in vacuum, and m, and mz are the principal indices 
of refraction in the plane of the wave front 
(secondary principal indices). The amplitude 
ratio gives, directly, the angle g which a polariz- 
ing axis makes with a reference direction in the 
plane of the wave front. 

In the case of non-homogeneous birefringence, 
N,—n2, and g may be obtained from measure- 


ments of p and y by solving Neumann’s equa- 
tions 


dy dg 

—= —— cosp, 5.02 

dz dz ‘ ( 
me, a 03) 
y™ r N1—N2) = rs cotzy sinp. ° 


We require formulas relating ™1—m2 and ¢ to 
the stress and strain in a viscoelastic medium. 
Since ,; and mz differ little from >» and from each 
other, 21;— m2 is nearly equal to mo°(n2~-* —n,*) /2, 
and hence it will be sufficient to find a relation 
involving n2~? —n,;~°. 


VI. RELATIVE STRESS-STRAIN-OPTICAL RE- 
LATIONS IN THE PLANE OF THE 
WAVE FRONT 


In terms of the orthogonal unit vectors i, j, k, 
parallel to the axes of x, y, z, respectively, the 
nonian forms of the dyadics I, ®, W are 


Wl = ,,~ii+ ny; jj +22 “kk 
+ny,.-?(jk +kj) +7,.-?(ki+ik) 


+ny~*(ij+ji), (6.01) 
® = esi + €yyjj +e2kk +¢,.(jk +kj) 
+€2(ki+ik) +e.y(ij+ji), (6.02) 
W = ordi t+ oyjj+o.kk + o,2(jk+kj) 
+o22(ki+ik)+0.,(ij+ji). (6.03) 


We suppose the wave normal to be parallel to 
the z axis. Then the Cartesian equation of the 
central section of the index ellipsoid perpendicular 
to the wave normal is obtained by setting 
r=ix+jy in (2.01) and expanding, with the result 


Nez *X?+2ny xy tnyy=1, (6.04) 


5 See reference 3, p. 256. 
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or in polar coordinates r? = x?+-y?, } =tan— (y/x), 
Nzz* COS*3 +-2n-,~? sind cos? 


+n, sin?d =r-, 


(6.05) 


Setting the derivative of (6.05) with respect to 3 
equal to zero, we find the angles, }= 9, 9+72/2, 
which the stationary positions (polarizing axes) 
of the radius vector make with the x axis: 


tan2¢=2n.,-?/ (nz? — Nyy). (6.06) 


Substituting 3 = ¢, ¢+7/2 in (6.05) we obtain 
the magnitudes of the stationary values of the 
radius vector, i.e., the indices of refraction m, m, 
(where ;>mz2) in the plane of the wave front: 


ns? =n, * cos*o+Nny, sin’¢ 


+n sin2yg, (6.07) 
n,; =n, sin?’g+n,,~ cos*¢ 
—ny sin2¢g. (6.08) 
Similarly, for the strain dyadic 
€,=€,, Cos’y’ +€,, sin’y’+e,, sin2yg’, (6.09) 
€2 =€,; sin’g’ +€,, cos*y’ —e,, sin2y’, (6.10) 
tan2 9’ = 2e¢,,/(€z2—€yy), (6.11) 
and, for the stress dyadic, 
01=02, Cos’*y’’ +o, sin?g’’+o,, sin2¢”, (6.12) 
o2= 02: sin’g’’+o,, cos?y’’—oz, sin2¢”, (6.13) 
tan2y"’ =202,/(¢22—yy); (6.14) 


where €, €: and 01, o2 are secondary principal 
strains and stresses (€;>€2, ¢:>o2) in the plane 
of the wave front, and g’ and ¢’” are the angles 
which the directions of €, and o,, respectively, 
make with the x axis. In an isotropic elastic 
medium g=g’=g’, but this is not necessarily 
true in a viscoelastic medium. 

Returning to the stress-strain-optical equation 
(4.05) and equating, in turn, the coefficients of 
the dyads ii, jj, ij, we obtain: 


a = no =R[o..— O)]+2S[e.— 0]+d,8, (6.15) 
f° —ny =R[e,,— 0]+2S[e,, ‘ie 6] +d,6, (6.16) 


Ny *=R[o.y]+2S [ez]. (6.17) 
Subtracting (6.16) from (6.15), 
Nez? — Nyy? = R[ oz — oyy] +28 [ere — ey ]- (6.18) 
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Now, from (6.07), (6.08), (6.17), and (6.18), 
ng?— ni? = (nz? — Nyy *) Cos2p+2n,,~ sin2¢, 
” {R[oz2— oy] +28 [ez — ey] } cos2¢ 


+2{R[oz]+2S[ee]} sin2yg. (6.19) 
From (6.09) to (6.14), 
€z2 — €yy = (€s —€2) CosS2¢’, (6.20) 
2€ry = (€1 —€2) sin2g’, (6.21) 
Orz— Tyy=(o1—2) cos2¢”, (6.22) 
2o2y=(o1—2) sin2y”, (6.23) 
and, hence, 
ny? —ny? = {(R[(o1—2) cos2¢"’] 
+2S[(e1—€2) cos2¢’]} cos2¢ 
+ {R[(oi—o2) sin2y”] 
+2S[(e:—e€2) sin2g’]} sin2g. (6.24) 


Equation (6.24) is the stress-strain-optical relation 
in the plane of the wave front. 

In the case of the medium exhibiting instan- 
taneous and retarded elasticity, but no flow 
(n3= ©, G,; and G.=const.), the partial differen- 
tial coefficients are absent from the operators 
R and §S, and (6.24) reduces to 


co dn 
2G,(n2-? — n-*) =: (a-a-2 = 
X (¢1—a2) cos2(y— 9’) 
1 dno F 
+2G,eo( 1+") (€1 — €2) cos2(¢—¢ ). (6.25) 
G2 dt 


The corresponding equation for a medium 
exhibiting instantaneous elasticity and flow, but 
no retarded elasticity, is obtained by setting c2=0 


in (6.24), with the result 
2G,(n2-? — ny") =¢;(0; — 72) cos2(g— g”’). (6.26) 


Finally, for an elastic medium, g=¢” and 
(6.26) reduces to 


2G, (m2? — m1 *) =€;(01—@2). (6.27) 
When account is taken of the fact that 
no? — ny? = 2(n1— ne) /no, (6.28) 


Eq. (6.27), and the relation g= ¢”’ comprise the 
usual stress-optical laws for isotropic, elastic 
media, in which case the determination of ;—72, 
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and ¢ gives directly, o1—o2 and yg’. For a visco- 
elastic medium, however, a knowledge of 21—n2 
and ¢ is not sufficient, in general, to determine 
o1—o2 and gy”, as may be seen by inspecting 
(6.24) or (6.25) or (6.26). 


VII. SIMPLIFICATION WHEN THE STRESS DEVIA- 
TION IS A PRODUCT FUNCTION 


The complexity of the stress-strain-optical 
equations is due to the fact that, in general, the 
secondary principal axes of stress and strain, in 
the plane of the wave front, do not coincide with 
each other or with the polarizing axes and also 
the relative orientations of these axes may vary 
with time. 

Consider a state of stress in which the stress 
deviation is the product of two functions, one of 
which depends only on x, y, and z and the other 
only on ¢; thus 


a= Wax, y, Df). (7.01) 


(In what follows, a bar over a symbol indicates 
that the quantity is a function of x, y, z only.) 
As a result of the stress-strain relation (3.16), 
®, will then be a product function also; thus 


®,= ® (x, y; 2)g(t), (7.02) 
and, accordingly, 
W,/26,=Q[¢]/PLf]=Go, (7.03) 


where Gp is an arbitrary constant of the nature 
and dimensions of a shear modulus. Hence, the 
assumption (7.01) implies® 


Wg =2G oa, (7.04) 
Qig]=G.P Lf]. (7.05) 
Now, from (7.01), (7.02), (6.02), and (6.03), 
Oxy =Tx(X, Y, 2)f(d), 


Orr — Cyy = Oxrz — Tyy(X, y; 2) f (2), (7.06) 
Ezy = Exy(X, Y, 2)g(t), 
€z2 — €yy = Ezz — Eyy(X, y; 2)g(t), (7.07) 


whence, from (6.11) and (6.14), ¢’ and g” are 
functions of x, y, z only. Also, from (7.04), 


(7.08) 
so that y’ = ¢’”’. Finally, dividing (6.17) by (6.18) 


Oxy = 2Go€zy; Ozrzr ~~ Tyy = 2Go€zz — Eyys 


6 See reference 1, p. 563, for comparisons. 
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and using (7.06), (7.07), (7.08), and (6.06), we 
find 


g=9'=9" =¢(x, y, 2). (7.09) 


Thus the condition (7.01) makes the secondary 
principal axes of birefringence, strain and stress 
coincide. 

Noting that 


O1—G2=01—o2f(t) and 


(6.24) becomes 


€1 — €2 =€; — eng(2), 


ns *—n, *=¢,—o2R[f]+2e, —eS[g]. (7.10) 
Finally, since 6; —o2 = 2Goe; — e&, 
no" —n,* =0,—02|R[f]+S[¢]/Go}, (7.11) 
or, assuming that (6.28) is an equality, 
Ny —N2=0,—02C(t), (7.12) 
where . 
C(t) =nF {REI+S[¢]/Go} 2. (7.13) 


Thus, the condition W,=W,f(t) leads to a 
simple stress-optical relation for viscoelastic 
media entirely analogous to that for an elastic 
medium. The time- and temperature-dependent 
relative stress-optical coefficient C(t) can be 
determined in a polariscope by an experiment in 
simple tension in which the tensile stress o is 
applied according to the desired law af(t) and 
the temperature is varied with time in the desired 
manner. 

Similarly a strain-optical relation 


Ny — No =€, — €0C(t) (7.14) 
may be written, where 
c(t) =no* {GoR[f]+S[e]}. (7.15) 


The time- and temperature-dependent, relative 
strain-optical coefficient c(¢) may be obtained in 
a polariscope by an elongation experiment in 
which the stretch ¢ follows a prescribed law ég(t) 
and the temperature is varied with time in the 
desired manner. 


These experiments may be used, also, to solve 
Eq. (7.05). 


VIII. SOME THEOREMS FROM ELASTICITY 
THEORY 
In the remainder of this paper, photoelasticity 
will be considered as an experimental method for 
finding the state of stress in an elastic body, i.e., 
for solving the equations of elasticity, and we 
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shall study the conditions under which visco.- 
elastic materials may be used as models for this 
purpose. We have already seen that the condition 


Ww,=W.f(t) is sufficient to assure the simple 
relations (7.09) and (7.12) between birefringence 
and stress. We require, then, 


A. The necessary and sufficient conditions on 
the viscoelastic model for the stress in it to be 
of this form. 

In addition, we require, 

B. The necessary and sufficient conditions for 
the stress in the viscoelastic model to correspond 
to the stress in an elastic body of the same shape 
under analogous boundary conditions. 

The problem of finding these conditions is 
simplified by the fact that, from the viewpoint of 
mechanics of continua, elastic and viscoelastic 
media differ only in the relation between stress 
and strain. Hence, all of the theorems of elas- 
ticity theory which are independent of the 
stress-strain relation apply as well to viscoelastic 
bodies. The theorems which we shall need are? 

(1) In a body in equilibrium the stress dyadic, 
in the absence of body forces, satisfies the stress 
equation of equilibrium: 


V-w=0. (8.01) 


(In a viscoelastic body, a state of ‘“‘equilibrium”’ 
is one in which the inertia term, in the equation 
of motion, is negligible.) 

(2) The pure small-strain dyadic satisfies the 
compatibility equation: 


VxXPxXV=0. (8.02) 


(3) In a simply connected body, continuity 
and single valuedness of strain imply single 
valuedness of displacement. 

(4) In a simply connected body in which the 
strain is continuous and single valued, the com- 
patibility condition ((8.02)) is a sufficient con- 
dition for single valuedness of displacement. 

(5) In an (s+1)-connected body, in which the 
strain is continuous and single valued, the dis- 
placement may be many valued to the extent of 
possessing s definite cyclic functions, which may 
be interpreted as s discontinuities across s sur- 

7A. E. H. Love, Theory of Elasticity (Cambridge Us 


versity Press, London, 1927), fourth edition, pp. 
221-225. 
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faces ¢;. The surfaces a; are those which reduce 
the multiply-connected body to a simply con- 
nected one, and the discontinuities must be of 
the form 


6u;=a;+r-(IXb,), 1=1, 2, iat” (8.03) 


where a; and b; are independent of x, y, z and 
r=ix+jyt+kz. 

In addition, a uniqueness theorem will be 
established along lines paralleling closely the 
Kirchhoff uniqueness theorem of elasticity 
theory.® 


IX. COMPATIBILITY CONDITION 


The stress-strain relation for an_ elastic 
medium with shear modulus G and Poisson’s 
ratio vy may be written as 


2G®= ¥—aO I, (9.01) 
where 


a=3v/(1+y), 


and » is Poisson’s ratio. Hence the compatibility 
condition (8.02) requires that the stress in an 
elastic medium satisfy the equation 


VX (W-—allI) XV=0. (9.02) 


The stress-strain relations (3.08) and (3.16) 
for the idealized viscoelastic medium may be 
written in the form 


2Q[®] =P[W—a,01] 
—(1—a,;)(P—Q/G,)[OI], (9.03) 


where 
a) = 3y,/(1 +7). 


In any physical experiment the functions ®, W, 
and 0 will be such that the order of differenti- 
ation with respect to ¢ and x, y,z may be re- 
versed. Hence, the compatibility condition 
requires that the stress in the viscoelastic 
medium satisfy the equation 


P[VX(W—a,0I1) XV] 
—(1-—a;)(P—Q/G,) [VX OIXV]=0. 


Conditions B, Section VIII, require the stress 
in the viscoelastic medium to satisfy differential 
equations of the samé form as those for an 


(9.04) 


* See reference 7, p. 170. 

*It is assumed that the temperature distribution 
throughout the body is homogeneous, so that 7; and G; 
depend only on f and not on x, ¥, or z. 
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elastic medium. Comparing (9.04) with (9.02), 
we see that this is true only if a,;=1 or if 0 is 
independent of x, y, and z. The form of © is 
usually not known in advance, is difficult to 
measure, and, moreover, is not likely to be found 
to be independent of the space coordinates even 
if measured. Hence, we shall have to require 
a =1, i.e., the viscoelastic medium must be 
incompressible. Fortunately, many viscoelastic 
materials suitable for photoelasticity have Pois- 
son’s ratios nearly equal to one-half. 

It should be noted that the stress in an incom- 
pressible viscoelastic medium satisfies a differ- 
ential equation ((9.04) with a,;=1) of the same 
form as the differential equation ((9.02) with 
a=1) governing the stress in an incompressible 
elastic medium.” 


X. NECESSARY AND SUFFICIENT CONDITIONS 


FOR W,= Wf (t) IN A SIMPLY CONNECTED 
BODY 


We note, first of all, that in an incompressible 
medium ®=@®, and, since I:®,=0, 


W:@=(¥,4+ OF): @,= Wy: Bg. (10.01) 


Also, the pure strain dyadic ® is the self-con- 
jugate part of the strain dyadic Vu, where u is 
the displacement vector. Thus 


2@ = 2@,=Vu+uv. (10.02) 
Then, since W is also self-conjugate, 
W:@=3:(Vu+uv)=W:Vu 
=V-(W-u)—(V-W)-u. (10.03) 


But, in a body in equilibrium, V-4%=0. Hence, 
in an incompressible body in equilibrium, 


Wy: 2,=V-(¥-u), (10.04) 


and we may write 


[f freed ff foceain ones 


where dr is an element of volume and the inte- 
grations are extended throughout the volume 
of the viscoelastic body under consideration. 

As noted in Section VIII, in a simply connected 
body no displacement discontinuities are pos- 
sible if the strain is continuous and single valued. 





10 See reference 1, p. 561 
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In such a body the divergence theorem yields 


ff fo-ce-war= f fa-w-ude, (10.06) 


where do is an element of the surface, n is its 
unit, outward-drawn, normal vector and the 
surface integral is extended over the whole 
surface of the body. (In the surface integral, u 
is the displacement at the surface of the body and 


the traction 
T=n-WV (10.07) 


is the surface traction.) Hence, 


Jf fwewdr= fi ft-ude. (10.08) 


We have seen (Section VII), that, if 
Wi= Wf (2), 


®,; becomes @,g¢(t). Hence, from (10.08), a 
necessary condition for W, to be of the form 


Waf(d) is 


T-u=T-af(s)g(2), (10.09) 
and further, in view of (10.02), 

T=T(x, y, 2)f(2), (10.10) 

u=a(x, y, z)g(t) (10.11) 


on the boundary. This excludes, for example, 
moving loads. 

Equation (10.09) is not a sufficient condition 
for W, to be of the required form; for there may 
be present another stress system W° (an “initial 
stress’) for which n- #°-u°=0 on the boundary. 
The conditions are completed by requiring 4 ,° 
to be either zero or of the form 

Ww P= W(x, y, 2) f (0). (10.12) 

The presence of initial stress is easily detected 
optically but is usually difficult to measure. 
Generally it will not be of the form (10.12) unless 
it is a residual stress remaining from a previous 
experiment with boundary conditions (10.09), 
in which case the calibration test (Section XIII) 
must include the complete history of f(t), g(t), 
ni(t), and G,(t) from the unstressed state. 
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XI. UNIQUENESS THEOREM FOR A SIMPLy 
CONNECTED BODY 


From (10.08), (10.10), (10.11), (7.01), (7.02), 
and (7.04), 


ry Fe Far =2Gof f Pade, (11.01) 


Let Ww, and W,' be the stress deviations, 
vanishing at t=0, of two equilibrium states of 
stress W! and 4" in an incompressible body. We 
suppose the tractions T’, T” and the displace- 
ments u’, u” to be of such form that, on the 
boundary, 


T!-u! =T!- a f(d)g(2) 
and 


TU .yu aT". ti’? f(t) g(t). 
Then, by Section X, 
WI=F Ef), Wd = Wf). 
ys — yl — ye 


Let 


wt, 
T*-a* =(T!—T!)- (a! —a"). 
Then, by (11.01), 


[ff eeewearm2c. ff te-0de, anon 


Now, if 
T*.a*=0 (11.03) 


on the boundary, the surface integral in (11.02) 
vanishes and hence the volume integral also 


vanishes. But W,*:&,* is equal to the sum of 
the squares of the differences between the prin- 
cipal stresses of W&* and its mean tension. Hence, 


WW ,*: W,* is always positive or zero. Thus, if the 
volume integral in (11.02) vanishes, 4 4*: a* =0 
and, consequently, W! and 4”! can differ only by 
a mean tension. 

A mean tension produces no relative bire- 
fringence and cannot, in general, be determined 
from measurements of relative phase retardation 
and orientation of polarizing axes. An exception 
is when one or more of the principal stresses is 
known, a priori, to vanish, as at a point on a free 
boundary or in a state of plane stress. Then, 


however, the condition W,*:4,*=0 makes 
wa wl, 
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Let 
T=7),44+T,wt+T,v, u=uwr+u,u+4,9, 


where 2, u, v constitute a set of mutually per- 
pendicular unit vectors at each point of the 
boundary. Then (11.03) may be written as 


(Ty! = TT") (ain! = tin!) + ( Tt = T,") (a, _ Gi,!") 
+(T— 7") (a, -—a,") =0, (11.04) 


where the superscripts and bars have the same 
significance as before. Hence, the specification 
of any one of eight combinations of boundary 
conditions (one traction, one displacement and 
six mixed conditions) will make the two states 
of stress identical except, possibly, for a mean 
tension. 


XII. EXTENSION TO MULTIPLY CONNECTED 
BODIES 


As stated in Section VIII, in an (s+1)-con- 
nected body there may be s displacement dis- 
continuities du;, of the form (8.03), across s 
surfaces o; which reduce the multiply connected 
body to a simply connected one. In this case the 
divergence theorem, instead of having the form 
(10.06), becomes 


Jf Jv-ce-war= ff fn -W-udo 


ps f n;-W- du,do;, (12.01) 


where the surface integrals under the summation 
sign are taken over the surfaces of discontinuity. 

Since the additional terms in (12.01) are of 
the same form as the integral over the external 
surface, all that has been said above for the 
quantity n-Y-u applies also to each of the 
quantities n;- W- 6u;. 

The additional stress introduced by the “‘dis- 
locations” 6u; may be looked upon from two 
points of view. First, the additional stress may 
be regarded as an initial stress and treated in the 
same manner as W° above. Second, it may be 
required to introduce dislocations deliberately, 
as in experiments to determine the effect of a 
difference in Poisson’s ratio between model and 
prototype or in applications of Biot’s analogy 
between thermal stress and dislocations. In such 
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cases the only additional condition that must be 
satisfied is that the 6u; be of the form dijg(t). 


XIII. RECAPITULATION AND REMARKS 


For an (s+1)-connected, viscoelastic body in 
a state of equilibrium, the necessary and suf- 
ficient conditions, for the stress deviation to be 
of the form W,f(t) and for W, to correspond to 
the stress in an elastic body of the same shape 
under analogous boundary conditions, are 
(1) The viscoelastic material must be incom- 
pressible.** 
(2) Asin elasticity theory, over each and every 
portion of the surface of the body and the 
s surfaces of discontinuity of displacement, 
one of the following eight combinations of 
boundary conditions must be prescribed: 


Eis Yn Zot T, ym Uy; Th, Un, 703 My, y Tos 
Sie Ming Mes Wie Mine Tei Me Lee Mot The Sen Me 


(Note that different ‘‘mixtures’” may be 
prescribed over different portions of the 
surfaces. The first three mixed conditions 
consist of a component of displacement 
and the resultant traction in the plane 
perpendicular to it, while the second three 
mixed conditions consist of a component 
of traction and the resultant displacement 
in the plane perpendicular to it.) 

(3) Components of boundary traction, where 
prescribed, must be of the form 


T (x, y; z) f(d), j=, H,v 
and components of boundary displacement, 
where prescribed, must be of the form 


u;(x, y, 2)g(t), 
where Q[g] =GoP[/]. 


(4) The initial stress must be either zero or of 
the form W,°f(t), in which case f(¢) must 
be reckoned from a zero state of stress. 


j=, M,Y, 


Under these conditions the stress and strain 
in the viscoelastic body are related to the bire- 
fringence through the simple formulas 


g=9'=¢9", 
Ny — Nz = 061 —02C(t), 
nN —N2=€,—e2c(t), 
and the barred components of stress and strain 


** In practice, Poisson's ratio should differ little from 4. 
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are those for an incompressible elastic body with 
shear modulus Go. 

The time- and temperature-dependent stress- 
and strain-optical coefficients C and ¢c may be 
determined by experiments on a simple-tension 
specimen of the same material as the model. For 
example, the viscoelastic model, held at constant 
temperature, may be loaded by several forces 
whose directions and points of application on 
the boundary are fixed, but whose magnitudes, 
while maintaining constant ratios, vary with 
time according to a law f(t). A photographic 
record of the fringe pattern is made at a time f,- 
This is the most common type of photoelastic 
test. (The time-dependence may be introduced 
simply by the process of reaching and maintain- 
ing constant loads.) The calibration bar must be 
loaded according to the same time-law, at the 
same temperature, and the ratio (m1—2)/o1—o2 
calculated at time ¢;. This gives the stress-optical 
coefficient C(t:) for the photograph. 


It is interesting to notice that if the tem- 
perature is varied during the model test, as in 
the freezing method of three-dimensional photo- 
elasticity, the only additional requirement is 
that, when finding the calibration factor C(t,), 
the calibration specimen must be subjected to 
the same temperature-time cycle as the model. 





Thus, the freezing method is not restricted to 
models made of cross-linked polymers. 

In the case of mixed, non-zero, boundary con- 
ditions a preliminary experiment must be per- 
formed, for example, in simple tension, to deter- 
mine the g(t) corresponding to a given f(t) or 
vice versa. 

In the determination of stress-concentration 
factors it is not necessary to know the stress- 
optical coefficient when using elastic materials or 
viscoelastic materials in which 72 and 73 are so 
large that “‘optical creep”’ is negligible. Similarly, 
it is not necessary to find C(t) in stress-concen- 
tration factor tests with viscoelastic materials 
that do exhibit optical creep because, if the 
above conditions are met, the ratio of the stress 
at any two points of the model is a constant, 
equal to the corresponding ratio for the analogous 
elastic body. This is true regardless of flow or of 
temperature variation with time. 

In the transfer, from model to prototype, of 
results obtained with a model having a Poisson's 
ratio different fron that of the prototype, the 
same difficulties are encountered with viscoelastic 
models as with elastic models. The few theorems 
governing such transfers that are available for 
elastic models are applicable to viscoelastic 


models. 
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19-21 American Institute of Electrical Engineers (Southwest District 
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Air Friction on Rapidly Moving Surfaces* 


A. R. KuaLTHAu** 
Rouss Physical Laboratory, University of Virginia, Charlottesville, Virginia 


(Received August 25, 1948) 


The friction on a surface moving through air at high 
speed has been measured over a pressure range from 0.5 to 
200 microns. A rotating cylinder type apparatus was used 
in which the inner cylinder was rotated at very high speed 
by means of an air turbine arrangement similar to that 
used in an air driven vacuum type ultracentrifuge. The 
outer cylinder completely surrounded the inner cylinder 
and was supported coaxially with it by means of a torsion 
fiber so that the frictional torque on the rotating cylinder 
could be measured with precision. Observations were made 
at rotor speeds varying from 400 r.p.s. to 1700 r.p.s. which 
corresponds to a linear velocity at the periphery of the 


rotor varying from 400 to 1700 ft./sec. It was found that 
at all pressures the observed torque varied in an essentially 
linear fashion with the rotor speed. The relationship be- 
tween torque and pressure at constant speed yielded a 
smooth curve indicative of ordinary viscosity, and this 
general form held for all speeds tested. However, the results 
could be explained by kinetic theory treatment of viscosity 
only at pressures lower than 10 microns; i.e., below the 
point where the intermolecular collision frequency pre- 
dominates over that of the collisions between the molecules 
and the walls. 





INTRODUCTION 


HE gaseous friction on moving surfaces has 

been measured with precision by a number 
of different workers, especially in the gaseous 
pressure range from one-half atmosphere up to 
several atmospheres. However, relatively few 
measurements have been made of the friction on 
very rapidly moving surfaces in highly rarefied 
gases. This paper describes an attempt to meas- 
ure the friction on a surface moving at high 
speed in air over the pressure range from 0.5 to 
200 microns; i.e., over the range where the mean 
free paths of the molecules are long in comparison 
to the dimensions of the apparatus to where 
they are very short. Recent measurements by 
Beams and his co-workers! of the gaseous friction 
on rapidly rotating spherical rotors in air at 
pressures of the order of 10-®§ mm of Hg have 
demonstrated the feasibility of using high speed 
rotors for this purpose, and so the high speed 
rotor technique was chosen for this work. 


APPARATUS 


The apparatus used is similar in principle to 
the rotating cylinder viscosimeter such as has 
been used by a number of workers for the precise 
determination of the coefficients of viscosity and 





* The work described in this paper has been supported by 
the Bureau of Ordnance, U. S. Navy under Contract 
NOrd-7873. 

** Now at University of New Hampshire. 


1Beams, Young, and Moore, J. App. Phys. 17, 886 
(1946). ’ J = 
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slip. In the experiments described in this paper 
the inner cylinder is rotated by an air driven 
turbine arrangement similar to that used in the 
air driven vacuum type ultracentrifuge? so that 
very high rotor speeds could be obtained in 
gases over the pressure range desired. The outer 
cylinder was suspended coaxially with the inner 
rotating cylinder by a phosphor-bronze fiber so 
that the torque developed could be measured 
with high precision. Preliminary experiments 
showed that with the high rotational speeds it is 
necessary to almost completely surround the 
rotating cylinder with the outer cylinder in 
order to avoid errors caused by “leakage of 
momentum.” As a result, ends were placed on 
the outer cylinder in order to avoid the above 
mentioned losses. The measurements consisted 
of determining the torque on the outer cylinder 
as a function of the air pressure and the speed of 
the inner rotor. 

Figure 1 shows a diagram of the apparatus. 
The rotor, R, machined from a solid block of 
forged Duralumin alloy ST-14, is four inches in 
diameter and two inches in length. It is capable 
of withstanding stresses produced by rotational 
speeds of over 2000 revolutions per second. The 
rotor was clamped as shown to a flexible steel 
shaft 0.100 inch in diameter. The length to 
diameter ratio of the rotor was made less than 


2 See for example: J. W. Beams and F. W. Linke, Rev. 
Sci. Inst. 8, 160 (1937); J. W. Beams, J. App. Phys. 8, 795 
(1937). 
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unity in order to obtain a high degree of rotor 
stability. 

The outer cylinder, B, was made of brass and 
was five inches in diameter with a wall thickness 
of 1/32 inch. It was suspended coaxially with 
the rotor by means of the phosphor-bronze 
wire, F, 0.0147 inch in diameter. The wire was 
fastened to the axis of the outer cylinder by 
clamping it in a close fitting hole with a No. 0-80 
set screw. The top end of the suspension wire 
was clamped in a standard pin vise which was 
mounted in a tapered plug, C. The wire was made 
to pass through a small (0.0157’’) hole at the 
bottom of the tapered plug so as to insure its 
being clamped properly in the pin vise. The 
plug, C, was fitted to a tapered hole in a sup- 
porting column, which was made to coincide 
with the axis of rotation of the rotor within 
1/1000 inch by means of the accurately machined 
jacket, J, as shown. The jacket consisted of a 
base plate, cylindrical side and top plate to 
which the supporting column was fastened. This 
column was centered in the top plate by means 
of a shoulder (not shown). Since C is centered 
by this precision construction, the outer cylinder 
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Fic. 1. Section view of apparatus. 
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will be coaxial with the rotor provided it jg 
symmetrical about the axis of the fiber, and 
provided the base plate of the jacket is horizontal. 
Both of these conditions were fulfilled. 

The hole in the bottom of the outer cylinder 
to allow passage of the rotor shaft was 23/64 
inch in diameter. The outer cylinder was sur- 
rounded by a pair of guard rings, G, which re- 
stricted the horizontal motion of the cylinder and 
thus prevented the possibility of contact between 
the rotor or the rotor shaft and the outer cylinder, 
The radial clearance between the guard rings 
and the outer cylinder was 3/32 inch. It was 
found necessary, however, to damp out the small 
oscillations of the outer cylinder set up by the 
necessarily rapid acceleration of the rotor through 
low speed critical vibrations. This was accom- 
plished by fastening two X-shaped damping 
vanes, V, symmetrically to the bottom of the 
cylinder. These were allowed to run in an annular 
dashpot, D. Extremely low vapor pressure oil 
was used as the damping fluid, care being taken 
that all the residual air and water vapor was 
removed by evacuating it before it was placed in 
the dashpot. The dashpot annulus was divided 
into two sections by means of two radial parti- 
tions in order to guard against circulation of the 
oil around the annulus. The center of the annular 
dashpot was closed ‘over by a thin brass disk 
which was fitted to within 1/32 inch of the rotor 
shaft. To the bottom of this disk was fastened a 
thin Neoprene washer, JN, fitting snugly around 
the rotor shaft. This ensemble thus enclosed the 
bearing or vacuum gland located in the base 
plate, and prevented any oil spray from the gland 
striking the bottom of the outer cylinder. Experi- 
ments also demonstrated that it was necessary 
to equip the outer cylinder with a false bottom 
or baffle plate, A, in order to eliminate the 
molecular pumping action between the lower end 
surfaces of the rotor and outer cylinder. 

The jacket was equipped with a glass window, 
W, 13 inches in diameter, so that the deflection 
of the outer cylinder could be observed by means 
of an external telescope. Two methods of making 
observations were employed. The upper periphery 
of the outer cylinder was marked to read directly 
in degrees, and so for large deflections the read- 
ings were taken directly from this scale. The 
second method, used in conjunction with smaller 
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Fic. 2. Drive and support mechanism. 


deflections, made use of a small mirror, M, 
mounted at the top of the outer cylinder and as 
near to the axis as possible. Deflections were then 
read on an external scale by means of the mirror 
and the telescope. 

The driving and supporting mechanism for the 
Beams type ultracentrifuge is thoroughly de- 
scribed in the literature.2* Figure 2 shows this 
driving mechanism in section, and its operation 
is briefly as follows. The rotor is driven by a 
Duralumin turbine, 7, fastened to the rotor 
shaft by means of a collet arrangement. The 
rotor shaft is held by two bearings or oil glands, 
B, one above and one below the turbine. The 
main body of the gland is usually made of brass, 
a piece of brass rod being turned to the shape 
shown in the figure. Hard Babbitt is used as the 
bearing surface, and the proper clearance is such 
that the polished shaft will just slip through the 
bearing without forcing. The glands are lubri- 
cated with vacuum pump oil (Cenco No. 93050), 
the oil being forced into the glands through the 
channels, 0, under about 8 p.s.i. air pressure. 
The main body of the gland is mounted in round 
Neoprene rings as shown in the figure in order to 
provide flexibility. The driving turbine, 7, was 
lz inches in diameter and 3 inch thick. It is 
supported on the air cushion formed between 
its flat under surface and the Bakelite supporting 
collar, S. S in turn is flexibly supported on a 
round Neoprene ring as shown. The supporting 
air enters through the channel SA and is then 
directed up along the shaft and out over S. 

In the experiments it was necessary to know 
the pressure within the rotor chamber, the tem- 
perature of the air and the speed of the rotor. 


3J. W. Beams, Rev. Sci. Inst. 9, 413 (1938). 
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Fic. 3. Torque vs. rotor speed. Pressure=0.48 micron. 
Temperature = 27°C. Theoretical values. X—X—X 
Experimental values. 





Temperature was measured by inserting a mer- 
cury thermometer, 7, through the jacket wall 
(see Fig. 1). The thermometer bulb was located 
about 3/16 inch above the top of the outer 
cylinder, and was shielded by a semicircular 
cover, S. S was made of Polystyrene, and lined 
on the inside and outside with aluminum foil so 
as to make a reflecting cover which enclosed the 
top of the thermometer over an angle of about 
200 degrees. The basic method used to determine 
the speed of the rotor is as follows. A signal equal 
in frequency to the speed of the rotor is obtained, 
amplified and placed on the vertical plates of a 
cathode-ray oscilloscope. A signal of variable 
frequency is obtained from a calibrated audio 
oscillator and put on the horizontal plates of the 
oscilloscope. The rotor speed is thus obtained 
directly from the dial of the oscillator by ob- 

















TABLE I. 
1 2 3 + 5 6 7 
Approx Mean ex. 
No. of mean torque Th. torque 
obser- Pressure free path Speed dyne-cm Ave. dyne-cm 
vations microns cm r.p.s. X102 deviation X10? 
7 1 7.6 375 2.92 0.05 2.71 
8 1 7.6 565 3.89 0.04 4.08 
12 1 7.6 750 5.23 0.04 5.42 
8 1 7.6 935 6.51 0.03 6.76 
11 1 7.6 1120 7.85 0.03 8.10 
8 1 7.6 1310 9.16 0.03 9.47 
3 1 7.6 1400 9.83 0.03 10.1 
3 0.48 15.2 375 1.23 0.01 1.30 
4 0.48 15.2 565 1.92 0.03 1.96 
8 0.48 15.2 750 2.60 0.03 2.61 
9 0.48 15.2 935 3.28 0.04 3.25 
5 0.48 15.2 1120 3.97 0.04 3.88 
4 0.48 15.2 1310 4.66 0.08 4.53 
2 0.48 13.2 1400 4.91 — 4.85 
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Fic. 4. Torque vs. rotor speed. Pressure=1 micron. 
Temperature = 26°C, Theoretical values. X—X—X 
Experimental values. 





serving the resulting Lissajous figure on the 
oscilloscope screen. The rotor signal was obtained 
either by mounting a small magnet on the rotor 
shaft and causing it to rotate within a pair of 
“pick-up” coils, or by picking up the funda- 
mental note of the rotor by means of a micro- 
phone. The former arrangement is shown in 
Fig. 2, the small magnet, /, rotating within the 
coils, C. The pressure within the rotor chamber 
was controlled by leaking a continuous stream 
of dry air into the system against the pumps by 
means of an adjustable capillary leak. A McLeod 
gauge was used as a standard to measure the 
existing pressure, and a continuous indication of 
the pressure was obtained from either a Knudsen 
absolute manometer, or a Pirani gauge, depend- 
ing upon the pressure range involved. 


EXPERIMENTAL RESULTS 


Experiments were conducted at rotor speeds 
ranging from about 400 revolutions per second 
to about 1700 revolutions per second. This corre- 
sponds to a linear velocity at the periphery of 
the rotor ranging from approximately 400 ft./ 
sec. to 1700 ft./sec. Dry air was used as the 
gaseous medium, and observations were made 
over a pressure range from below 0.5 micron to 
over 100 microns. Two separate procedures were 
used in obtaining the data at the various speeds 
and pressures. The first was to hold the pressure 
fixed and vary the speed. Observations were 
usually made at increasing speed increments of 
100 revolutions per second over the entire speed 
range, and then the readings were repeated at 
equal descending increments. After this the 
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pressure was changed to a new value and the en- 
tire process repeated. The second procedure 
consisted of holding the speed constant and 
varying the pressure over a range appropriate to 
the leak being used. The observations were 
usually made first with ascending pressure in- 
crements, and then with the same descending 
increments, after which the rotor speed was 
changed to a new value and the whole process 
repeated. Identical results were obtained with 
either procedure and therefore, the former was 
the one most commonly used as equilibrium was 
attained more rapidly after speed changes than 
after pressure changes. 

For all pressures below about 1 micron the 
mean free path in the gas is longer than the 
smallest restricting dimension of the apparatus. 
This means that the intermolecular collision fre- 
quency is small compared to the frequency of 
collisions between the molecules and the surfaces 
of the apparatus, and hence this range has often 
been appropriately referred to as the ‘‘free mole- 
cule range.”” The retarding torque on the rotor 
which is to be expected in this range may readily 
be calculated from simple kinetic theory con- 
siderations. If one assumes that the gas in the 
system behaves as an ideal gas with a Max- 
wellian distribution of velocities, and that all 
molecules that strike the rotor are diffusely re- 
flected, the expression for the retarding torque 
will be 


Torque = rp(M/2xRT)'wa*(a+21), (1) 
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where p=pressure in the system, w=angular 
velocity, !@=molecular weight of the gas under 
consideration, 7=the Absolute temperature, 
a=radius of the rotor, /=length of the rotor, 
R=the gas constant. For air and the dimensions 
of the particular apparatus used, this becomes 


Torque = 1.49(pw/T"). 


This then is the torque applied to the outer 
cylinder, which is equal to the measured re- 
storing torque of the suspension. 

A large number of observations were made in 
this range, and the results are tabulated in 
Table |. The theoretical values are calculated 
from Eq. (1), and the experimental values are 
the mean of a number of observations made at 
the particular pressure and speed. Column 5 gives 
the average deviation from the mean. The plot 
of these data are shown in Figs. 3 and 4. In each 
case the temperature was constant within 1 de- 
gree centigrade, and so the torque is plotted 
against speed at constant pressure. The experi- 
mental results obtained at a pressure of 0.48 


micron are seen to be in excellent agreement with 
the ‘‘free molecule theory,’ but at a pressure of 
1 micron they are beginning to deviate from this 
theory, although the deviation is not yet more 
than a few percent. In Fig. 5 similar curves are 
plotted from data obtained at pressures of 2 and 3 
microns, and the deviation between experimental 
and theoretical values is seen to be even more 
marked. Several observations were made at a 
pressure of 0.25 micron, and the measured torque 
agreed with the theoretical value at all speeds 
within +5 percent which was the limit of experi- 
mental accuracy at this pressure. From the above 
data it seems reasonable to conclude that the 
“free molecule theory’’ as expressed by Eq. (1) 
will account for the retarding torque on the 
rotor at pressures below 1 micron for all speeds 
tested,. but that this theory no longer holds 
above 1 micron. 

The experiments were continued into the range 
of pressures from 1 to 100 microns in order to 
observe the nature of the retarding torque on 
the rotor in a region where the ‘‘free molecule 
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viscosity”’ does not hold. Data were obtained at 
various pressures within this range and at speeds 
varying from 375 revolutions per second to 1695 
revolutions per second. During the experiments 
the temperature of the system remained within a 
degree or two of 26°C at all speeds for pressures 
up to 30 microns. At higher pressures there was 
a slight rise in temperature for the higher speeds. 
A considerable number of observations were thus 
made at temperatures varying from 26°C to 
40°C. However, the data obtained were not 
sufficient to permit an exact determination of 
the observed torque as a function of temperature, 
but all indications were that to a close approxi- 
mation the torque was directly proportional to 
the Absolute temperature. Consequently, in as- 
sembling the data, all observed values were 
corrected to the appropriate value at 26°C. 
Figures 6 and 7 show a plot of torque against 
rotor speed using the pressure, p, as a parameter. 
As can be seen the plots are all straight lines 
within very close limits at pressures up to 20 
microns. However, at pressures higher than 20 
microns the curves slope upwards slightly at the 
higher speeds, as can be seen from Fig. 7. An 
analysis of the values of the ratio of torque vs. 
rotor speed for these curves shows that the slope 
increases at the higher pressures, the percent 
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increase over the entire range of speeds varying 
from 3 percent at 30 microns to about 7 percent 
at 100 microns. These deviations from a straight 
line are of the same order as the experimental 
errors at these higher pressures, and hence no 
conclusions can be drawn concerning the non- 
linearity of the curves. 

Figure 8 shows a plot of torque versus pressure, 
using the rotor speed as the parameter. The 
general form of the curves can be seen to be 
independent of the speed, and the curves appear 
to be asymptotic to a certain torque value. 
Several observations were also made at pressures 
of 150 and 200 microns, and it may be stated 
that, within the limits of experimental accuracy, 
the results obtained agreed with the general 
pattern of Figs. 7 and 8. 


DISCUSSION 


The fact that the curves of Fig. 8 exhibit the 
property of approaching some torque value 
asymptotically indicates that the retarding torque 
on the rotor may be due to ordinary gaseous 
viscosity, since one would expect the coefficient 
of viscosity, and hence the retarding torque, to 
be almost independent of the pressure at ordi- 
nary pressures. Some time ago, Itterbeek and 
Paemel* measured the coefficient of viscosity of 
several pure gases as a function of pressure at 
room temperatures using the oscillating disk 
method. They found that for all gases used, the 
results could be expressed by the theoretically 
derivable equation »=(n.p/an.+p) where 7 Is 
the coefficient of viscosity at the pressure, ); 
nx is the coefficient of viscosity at atmospheric 
pressure, and a is a parameter which is inde- 
pendent of the pressure. Attempts to reconcile 
the present observations with this equation met 
with partial success. A fairly constant value of 
the parameter, a, was obtained in the pressure 
range from 1 to 10 microns, but at higher pres- 
sures the constancy failed. This narrow pressure 
interval corresponds to a region where, for the 
apparatus used, the intermolecular collision fre- 
quency is of the same order of magnitude as that 
of the molecules with the walls and is generally 
recognized to be below the so-called “slip” 
region. As the pressure was increased above 10 


4A. van Itterbeek and O. van Paemel, Physica 7, 273 
(1940). 
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microns, the value of the parameter consistently 
increased. This meant that the values of 7 as 
calculated from the experimental results were 
becoming smaller than those predicted by the 
theory. This fact was substantiated by a com- 
parison of these experimental values of 7 with 
values obtained by other investigators using very 
low speed viscosimeters. For example, Stacy® 


°L. J. Stacy, Phys. Rev. 21, 293 (1923). 
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obtained the value of approximately 1610-° 
c.g.s. units as 0.1 mm Hg, while the present ob- 
servations yield 1110-5 c.g.s. units at this 
pressure. 

The author wishes to record his indebtedness 
to Prof. J. W. Beams, upon whose suggestion 
this work was undertaken, and to various other 
members of the staff of the Rouss Physical 
Laboratory for their helpful advice and criticism. 
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On the Flow of a Perfect Fluid between Two 
Plates from a Circular Inlet Channel 


W. R. SMYTHE 
California Institute of Technology, Pasadena, California 
December 3, 1948 


N a Letter to the Editor in the November 1948 Journal 

of Applied Physics, p. 1092, E. T. Benedikt gives a 
definite integral formula for the velocity potential ¢ of an 
ideal incompressible, non-viscous fluid flowing from the 
region between two thick parallel plates a distance h apart 
into a circular cylindrical hole of radius ro in one of them. 
For some purposes it may be more convenient to express 
his result as a series. This could be done by contour integra- 
tion, but it is shorter to start over. The velocity potential 
d@ of a ring source of linear strength 2gdr’ at z=0, r=r’ 
between two plates at s=h and s=—h is found by the 
usual method! to be, when r <r’, 


@ 


dg, = (qr'dr’/h)(Inr’+2+ 2 Io( Nr) Ko( Nr’) cosNz], (1) 
n=l 


where Io(x) and Ko(x) are modified Bessel Functions, and 
N is nw/h. An interchange of r and 7’ inside the bracket 
gives the potential d@z when r>r’. For the uniform disk 
source of radius ro and strength g per unit area assumed by 
Benedikt the potential is, according as 0<r<ro or ro<r, 


o=f drt {"” dg, or =f" dg. (2) 


The velocities v, and v, are the quantities of chief interest. 
Integration for ¢; and ¢z, use of the relation v~! = J,(v) Ko(v) 
+JIo(v)Ki(v), and differentiation with respect to 7 give 7, 
when r<7o to be 


(qro/h)[4(r/ro) —2 Z I,(Nr)Ki(Nro) cos Nz]. 
n=l 


When r>7ro, interchange 7 and frp inside the bracket. Differ- 
entiation with respect to s gives for v, 


r<ro, (q/h)[h—z—2ro X In( Nr) Ki(Nro) sin Nz], 
n=l 


@o 


(2gro/h ~ T,(.Nro) Ko( Nr) sin Nz. (3) 


n 


r>Tro, 


Except when r=ro, the convergence is very rapid be- 
cause the J,(v)K,(v) product becomes proportional to 
exp(—nxr|r—ro| /h) as n>, 

As Benedikt points out, the assumption of a uniform 
source gets rapidly worse as h decreases. If h<ro, however, 
another method gives increasingly accurate results. The 
distribution of flow across the gap between the plates then 
approaches that of the two-dimensional flow into a crack 
of width 2h in an infinite plane faced block. At r=ro the 
radial velocity v, is then given? to one part in 5000 by the 
formula 


vol A+B cos(m2’/h) +C(2’/h)?+ D[sec(4rs’/h) }?-*5}, (4) 
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where 2’ is measured from the unperforated plate 0<2' <j, 
and A, B, C, and D are numerical constants.2 The mean 
radial velocity at r=ro is vo. When r>ro, v7; may be written 
as the series 


of 1+ E ACK (N)/K (Neo) ] cos(Na) |. (5) 


Where the coefficients A, have been calculated? for 


0<n<21. When r<ro, the boundary conditions are v,= 
at 2’=0, v7-=0 when h <2’ < ~, and 2, is given by (4) when 
O0<s’ <h. If the velocity is assumed uniform in the tube 
at some value of 2’ such as 2’=5h, the velocity potential 
when 0 <2’ <5h can be expressed as a Fourier series some- 
what similar to (5) whose coefficients involve gamma- 
functions. Otherwise a Fourier integral is required. 

t1W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill Book 
Company, Inc., New York, 1939), Art. 5.324. 

2W. R. Smythe, Rev. Mod. Phys. 20, 176 (1948). 





Small Spherical Particles of Exceptionally 
Uniform Size 


RoBert C, BACKUS AND ROBLEY C. WILLIAMS 
De partment of Physics, University of Michigan, 
Ann Arbor, Michigan 
November 30, 1948 


URING the course of some quantitative work with 
the electron microscope we have chanced upon some 
small, spherical particles of remarkable uniformity of size. 
The particles are contained in a polystyrene latex, made 
by the Dow Chemical Company, and are described as Dow 
latex 580-G, Lot 3584. Their dimensional uniformity im- 
mediately suggests a number of applications in electron 
microscopy, and three of the uses will be discussed here. 
1. Magnification Calibration:—Inasmuch as the particles 
are readily suspended in distilled water, they can be applied 
directly with a small pipette to an electron microscope 
specimen, and can serve as a standard of size for any pic- 
tures taken of that specimen. An example of the appear- 
ance of the latex, diluted 1000 to 1 with water, deposited 
upon a specimen, is shown in Fig. 1. In this case the speci- 





Fic. 1. Electron micrograph of Dow latex polystyrene particles 
supported upon a pre-shadowed replica of a 15,000-line/inch diffraction 
grating. 


JOURNAL OF APPLIED PHYSICS 














ch 
in 
en 


0k 


icles 
‘tion 


ICS 











men is a shadow-cast collodian replica of a glass diffraction 
grating of 15,000 lines per inch. 

A determination of the mean diameter of the individual 
particles has been made, as well as a determination of the 
dispersion in diameter from particle to particle. The method 
first tried for a determination of size was to prepare shadow- 
cast, organic replicas of a diffraction grating of known 
spacing, and then to make a direct comparison with the 
particle diameter, as could be done by the use of Fig. 1. 
After a few measurements, however, it became apparent 
that the replicas were more dimensionally variable than 
were the particles. We then decided to make a determina- 
tion of particle size through the intermediate use of a light 
microscope whose eyepiece reticle had been calibrated 
against a standard etched-glass scale. The first step in the 
measurement was to allow the objects to adhere to the 
surface of fine glass fibers, following immersion of the 
fibers in a concentrated suspension of the particles. The 
partially coated fibers were then spread at random across 
a microscope specimen screen. Upon examination with the 
light microscope certain unique clusters of particles could 
be identified, some 40 to 50 microns apart, and their separa- 
tion could be measured with the use of the calibrated 
reticle. The same fiber was then found in the field of the 
electron microscope, and by the use of several overlapping 
exposures, the distance along the fiber between the clusters 
could be measured on the micrographs. These measure- 
ments, of course, allowed a determination to be made of the 
diameters of the numerous individual particles found be- 
tween the clusters. It was thought that a correction for 
distortion in the electron micrographs would be necessary, 
but no measurable difference in magnification exists across 
the field of the micrographs. The instrument used is an 
RCA, type EMB, of an early make, and the pictures were 
taken at a magnification of about 10,000 

The result of the measurements is a value of 2590+25A 
for the mean diameter of the particles.* The probable error 
is thought to reside largely in the errors of measurement, 
rather than in a dispersion of diameter of the objects. 
Observations of the appearance of the shadow-cast par- 
ticles, as well as of the appearance of the particles when 
seen in silhouette along the glass fibers, lead us to believe 
that the objects are truly spherical. 





Fic. 2. Electron micrograph of uranium-shadowed Dow latex 
particles supported upon a replica of a diffraction grating. 
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A determination has also been made of the dispersion in 
diameter of about 500 of the small spheres, photographed 
on 20 pictures of identical magnification. The values of the 
diameters yield an internal probable error of +10A, indi- 
cating a very high degree of dimensional uniformity. In 
measuring this large number of particles, we found there 
are some (about 2 percent of the total) which are clearly 
“sports” in that their diameters are different from the 
ordinary ones by almost a factor of two. 

2. Contours of Replica Surfaces:—A second use of the 
latex spheres is illustrated by Fig. 2, which is a micrograph 
of the particles as placed upon the specimen film followed 
by uranium shadowing of particles and substrate. The 
ratio of length of shadow to diameter of sphere gives the 
value of the local angle of shadowing, and since this is fre- 
quently not constant over the area of a specimen, its 
evaluation at any one point is desirable. By comparing the 
lengths and shapes of the shadows of the particles over an 
extended region of the specimen, one may obtain a fair 
quantitative notion of the contours of the surface. The 
shadow-casting technique itself, of course, gives one a 
qualitative impression of specimen contours, but the 
shadows of the spherical particles allow a more quantita- 
tive estimate to be made. In Fig. 2, for example, one may 
note the considerable difference in shadow lengths, depend- 
ing upon whether the particle is on an “up-hill” or ‘‘down- 
hill’ portion of the replica surface. 

3. Thickness of Film Used in Shadowing:—lf some latex 
particles are placed on the specimen prior to shadowing, 
and some subsequent to shadowing, evidence can be ob- 
tained of the thickness of the evaporated film used for 
shadowing. It will be noticed in Fig. 2 that the spheres are 
slightly elongated in the direction of the length of the 
shadows. The elongation is due to the accretion of the 
evaporated film on the side of the particle nearest the fila- 
ment during the shadow-casting; in Fig. 2 the elongation 
is about 35A. The thickness of the evaporated film on the 
surface of the substrate is calculated by measuring the 
difference between the mean diameter of the unshadowed 
particles and the mean major diameter of the shadowed 
ones, and dividing the difference in diameters by the ratio 
of the shadow length to the particle diameter. 

* This is 50A greater than the preliminary value reported in the 


abstracts of the E. F. Burton Memorial meeting of the Electron Micro- 
scope Society of America. 





The Coefficient of Anomalous Viscosity 


CHARLES MACK 


Technical and Research Department, Imperial Oil, Ltd., 
Sarnia, Ontario 


December 1, 1948 


N a recent paper on “Anomalous flow as an order- 
disorder transition” the writer gave the following ex- 
pression for the coefficient of viscosity for anomalous flow:' 


n= (ng—na)bo/2, (1) 
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where o=shearing stress, v=shear rate, ng=degree of 
disorder, mq =degree of order, b=constant equal to 1—a 
with @ being the ratio of the number of holes to the number 
of molecules. In the subsequent derivation of ng—nq asa 
function of o and v, the viscosity was considered to be 
constant. It can be shown that this treatment holds only 
if the viscosity is expressed as no, the viscosity at a stress 
oo near the yield value. 

Since a change in volume is postulated, the actual vis- 
cosity decreases with increasing volume in the same manner 
as for a Newtonian liquid with increasing temperature, and 
therefore volume. For the latter, Batschinsky? gave the 
following equation: 

n=C/(V—B), (2) 


where V=specific volume, and C and B are constants. 
Constant B is of the same order of magnitude as the co- 
volume in van der Waal’s equation, and the term V—B 
becomes consequently equal to the free volume of the 
liquid or the volume of the holes. This equation can also 
be applied to anomalous flow. If N,=aN holes have a 
volume of V;, the volume of one hole is V;/aN. With aNg 
holes formed on the f-sites and aN, holes closed on 
the a-sites, the free volume at a given stress becomes 
a(Ng— Na) Vh/aN =(ng—na) Vs, and Eq. (2) in combina- 
tion with Eq. (1) may be written 


an = (ngy— Nao) Vio = (ng —_ Na)bavo 
no (ng—Na) Va (MBy— Nay) bau" 





and 
NB— Na = (MBy— Nay) ( Viooov/ Viovo)!. (3) 
With v/vo = (¢/oy)"*, for example, ng—nq becomes 


Ng — Na = (MBy— Mao) ( Vio/ Va)*(o/o0)°'™, (4) 
and 
1 = ("B9— May) (Vio/ Va)(o/o0)"!™ba/v. (5) 


In most cases the increase in the volume of a hole is small 
enough, so that (Vi0/ Vs)! approaches unity and can be 
omitted without introducing a serious error. The equations 
in connection with stress-, strain-, and time-hardening and 
thixotropy given in the paper change correspondingly. 
In a similar way the modulus of rigidity for anomalous 
elasticity is 
G=ngba/y. (6) 


Whereas the coefficient of anomalous viscosity is a function 
of the free volume, the moduli of anomalous elasticity are 
independent of volume changes at constant temperature. 
It was shown in the paper, that in the case of polychloro- 
prene the shear strain as a function of the shearing stress 
is y/vo=(a/ao)' with b=1+<a, hence, 


ng =ng,(oo/c)°-". (7) 


With 5} being constant, the shear rate becomes always 
a function of o/* for the various types of anomalous flow. 
Equation (1) holds also for cases where b = 1 —a is variable, 
Such a case is obtainable from the theory of von Mises and 
Hencky® which requires that for the condition of plasticity 
the product of the energy due to a change in shape and 
the modulus of rigidity should be constant— 


WG =constant?. (8) 
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For the case of simple shear WG is equal to o?, Applying 
this condition to plastic flow, the effective shearing stress 
per element of flow becomes (1—a)c, hence, 


[(l—a)o P=[(1—ao)ooF, (9) 
indicating that the number of holes increases with increas- 
ing shearing stress. The coefficient of viscosity can be ex- 
pressed by »=da/dv;, where v; is the shear rate of an 
individual element of flow. It has been shown‘ that 
dv; =dv/(ng—nq). Introducing this term into Eq. (1) and 
combining with Eq. (9) gives 
n=(ng—nq)do/dv 

= (ng— Na)(1 —a)a/v ad (ng— Na) (1 —ao)oo/2, 
which on integration between o and ao, v and 2p leads to 


exp[(¢—a0)/a0]=(v/v0)*, (10) 


the Prandtl equation (Eq. (29) in the paper) with b=1—a, 
=constant. 


1C, Mack, J. App. Phys. 19, 1082 (1948). 

2A, J. Batschinsky, Zeits. f. physik. Chemie 84, 643 (1913). 

3 A. Nadai, Plasticity (McGraw-Hill Book Company, Inc., New York, 
1931), p. 70. 

4C. Mack, J. App. Phys. 17, 1087 (1946). 





Measurement of Gain of Electromagnetic Horns 


ALLEN S. DUNBAR AND M. DoNaALp ADCOCK 


Antenna Research Section, Naval Research Laboratory, 
Washington, D.C. 
November 17, 1948 


EFERENCE is made to “Gains and effective areas of 

horn antennas,” by R. B. Watson and C. M. Mc- 
Kinney.! The method for measuring gain and the experi- 
mental technique described lead to large errors and fail to 
point out the relation of the observed gain of an antenna 
to the theoretical gain. The following method is precise and 
leads to results consistent with the gain factors discussed 
below. 

Given two antennas separated by a large distance R with 
power Pr being delivered to the transmitting antenna, the 
power Pp received by the second antenna is 

v PrGrA ” PyGrGre 


2 

Pam iy RE any?” ) 
where Gr and Gp are the absolute gains of the transmitting 
and receiving antennas, respectively, and A is the aperture 
area of the receiving antenna. If two identical matched 
antennas are used, and if their gains are assumed iden- 
tical, then 


G=(4rR/d)(Pe/Pr)}. (2) 


The two antennas are separated by a distance R greater 
than 2D2/n, where D is the width of the aperture, in order 
to obtain a uniform phase and to avoid appreciable inter- 
action. Thus G may be determined by measuring the ratio 
of Pr/Pr instead of Pr and Pr separately. This ratio may 
be determined easily within 2 percent. The wave-length 
and the distance R may be measured with good accuracy. 
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This assumption that the two antennas have identical 
gains may be verified by using the same matched bolometer 
detector with each of them to see that the power received 
from a suitable third antenna is the same for both. If the 
gains are different, a proportionality factor may be intro- 
duced, and the true gains computed from (2). This pro- 
cedure then produces two absolute gain standards at the 
operating wave-length. 

The gain G, of any other antenna may be determined 
by using the same matched bolometer detector with it and 
with one of the standards to receive power from a third 
transmitting antenna. Then 


Gz = (P./P,)G, (3) 


where P:/P, is the ratio of the power received by the 
unknown antenna to the power received by the gain 
standard.? 

It is possible to calculate the gain of both conical and 
pyramidal horns by integration of the Poynting vector 
over the aperture.* This procedure leads to the following 
results. 


Geonicai = 10.5 area of aperture/d?, (4) 
Gpyramidal = 10.2 area of aperture/d?. (5) 


Hence the observed gain of a given horn is less than the 
so-called theoretical gain, defined by 


G=4-n area of aperture/)?. (6) 


The ratio of the observed to the theoretical gain defines a 
“gain factor,” which in the case of conical and pyramidal 
horns is 0.83 and 0.81, respectively. 


( 5a) B. Watson and C. M. McKinney, J. App. Phys. 19, 871-876 
1948). 
2S. Silver, Microwave Antenna Theory and Design (McGraw-Hill 
Book Company, Inc., New York) (in press) Chapter 15; M. Katzin, 
“Quantitative radar measurements,” Proc. I.R.E. 35, 1333-1334 (1947). 
+See reference 2, Chapter 10. 





A Method of Measuring Dynamic Mechanical 
Properties of Rubber-Like Materials 


K. W. HILLIER, H. Kosky, AND J. P. Lewis 
Imperial Chemical Industries, Butterwick Research Laboratories, 


y 


elwyn, Herts, England 
October 25, 1948 


HE paper by A. W. Nolle' was read here with great 
interest. For the past three years we have been 
carrying out experiments using a technique similar to the 
method of longitudinal oscillations described on page 763 
in that paper. Our preliminary results are in publication.? 
For our experiments, a more exact equation of propagation, 
assuming that reflection occurs at the pick-up, was derived. 
This reflection can be shown to affect both phase and 
amplitude measurements. 

Assuming propagation at a velocity V, attenuation in 
the material to be proportional to e~* and the reflection 
coefficient to be m(<1), independent of amplitude, then 
it can be shown that if A sinwt is the displacement at the 
source and B sin(wt+ 8) is the displacement at the pick-up 
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distance / away: then 
1-+me~** . 
tang = 1—- meat tankl, (1) 


and 
B/A =(1—m)e~*(1 —2me?*! cos2kl-+-me—**")-4, (i) 


For large values of / and within a wide range of values of a, 
Eq. (i) reduces to 8=kl as can be seen from a typical result 
shown in Fig. 1. Similarly for 1 and a large, B/A =Ke~*', 
and hence a plot of the logarithm of amplitude against 
distance gives values of a similar to the method used by 
Nolle. Our method yields results over a wider range of 
constants and by enabling us to use a continuous phase/ 
distance relation we can obtain better values for the wave- 
length of the sound and hence for the velocity of propaga- 
tion in the material. 


1A. W. Nolle, J. App. Phys. 19, 753 (1948). 
2K. W. Hillier and H. Kolsky, Proc. Phys. Soc. (in press). 





Comment on “A Method of Measuring 
Dynamic Mechanical Properties of 
Rubber-Like Materials” 

[J. App. Phys. 19, 753 (1948)] 


A. W. NOLLE 
Department of Physics, University of Texas, Austin, Texas 
November 9, 1948 


T is true that by making a correction for reflection from 
the receiving element one can sometimes extend the 
useful range of the experiment in question to lower fre- 
quencies. The effects of reflection are considered very ex- 
tensively in the author’s thesis,! in which the influence of 
reflection upon the phase record is considered much as in 
the note of Hillier, Kolsky, and Lewis, and in which an 
approximate scheme for correcting the amplitude record 
is derived. 

The author’s experience has been that in the case of most 
types of rubber-like materials the fractional extension of 
the useful ranges of frequency and temperature in the 
experiment, made possible by reflection correction, is rela- 
tively small. Further, making corrections for reflection 
represents a considerable increase in the effort required to 
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process the data, with the result that it is often preferable 
to make use of a different experimental method rather than 
to employ corrections in the constant-frequency technique 
for longitudinal-wave study. For these reasons discussion 
of the corrections appeared to constitute an unjustifiable 
addition to the length of the paper cited by the above 
authors and was therefore omitted. 


1A. W. Nolle, Dynamic Mechanical Properties of Rubber-Like Ma- 
terials (Ph.D. thesis), Massachusetts Institute of Technology, August, 
1947. 


Note: Later information which has reached the author concerning 
the work of Hillier, Kolsky, and Lewis indicates that much of their 
work has been at relatively low frequencies (1 to 2 kc) and has been 
concerned with polyethylene, which has less acoustic attenuation than 
do some of the usual “‘rubbers."’ Thus the views expressed in these two 
letters are in substantial agreement. 





An Extension of MacFarlane’s Method of 
Deducing Refractive Index from 
Radio Observations 


A. W. STRAITON 
The University of Texas, Austin, Texas 
October 29, 1948 
} peter earn has presented relationships whereby 
the refractive index may be determined for a strati- 
fied atmosphere from radio data. These equations apply at 
sufficient distance beyond the optical horizon so that only 
one mode of propagation is significant. Because of difh- 
culties in measurement, phase was eliminated and the 
results presented in terms of magnitudes only. 

Recent work at The University of Texas? and elsewhere 
has shown the feasibility of measuring phase of centimeter 
waves. If measurements of phase are admitted, considerable 
simplification in procedure is obtained. 

The field equation solution may be expressed as the 
sum of a number of normal modes as 


py =e inl4(27/RR)§ SD e~*S2U,,(h,) Um hr), (1) 
where R is the distance along the earth’s surface, K is 27 
divided by wave-length, S,, is the propagation function for 
the M mode, Um(h:) and U,»(h,) are the height-gain rela- 
tionships for the transmitter and receiver, respectively, and 
Um is a solution of the equation 


(d® Um /dh?) +k*(M?— Sy2) Um =0, (2) 


where M is the index of refraction modified to correct for 
the earth’s curvature and S,, is the characteristic value of 
the M mode. 

Since S,, and U,, are complex, they may be replaced by 


Un=Ae'*™ and S,2=a+ib. 
Substituting these into Eq. (2) gives 
A—A(¢)?=k*(a— M?)A (3) 
2AG+AG=k*dA. (4) 


MacFarlane eliminated ¢ from these equations and found 
- , *h 2 
h(a — M2) =A /A —(k*b?/A ( | A*di) (5) 


This gives a value of a— M? in terms of the magnitude 
of signal strength. Since a is very nearly one, the modified 
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index M may be determined except for a small constant 
which is independent of height. 

The solution in terms of signal strength only requires a 
complete height-gain function from the reference height 
to the height #. In addition, another height-gain curve at 
a different frequency or measurements at different dis- 
tances are necessary in order to determine the attenuation 
factor b. 

However, using phase measurement, only one set of 
height-gain and height-phase measurements is necessary, 
and measurements over a limited range only are required 


since no integration is necessary. From Eq. (4), the attenua- 
tion factor is given by 
b=[2Ap+A (0/00) ]/(k2A) (6) 
and from Eq. (3), a— M? is given by 
a—M*=(A/A —($)*//ke. (7) 


In the measurement method used at The University of 
Texas, @ and A are measured directly. The determination 
of 6 thus involves the measured quantities and their rate of 
change, while the determination of (a—.1/*) involves in 
addition the second derivative of A. 

Preliminary application of Eq. (6) to data taken ona 32- 
mile overwater path showed general agreement between 
the value of b calculated from Eq. (6) and that determined 
from the M curve. Detailed study of this and future data 
will be made in light of Eqs. (6) and (7). 

1G. G. MacFarlane, “A method of deducing the refractive-index 
profile of a stratified atmosphere from radio observations,’’ Meteoro- 
logical Factors in Radio Wave Propagation, published by The Physical 
Society, London. 

2A. W. Straiton and J. R. Gerhardt, “Results of horizontal micro- 


wave angle-of-arrival measurements by the phase difference method.” 
Proc. I1.R.E. 36, 916-922 (1948). 





Errata: Energy Losses of Sound Waves in 


Metals due to Scattering and Diffusion 
{[J. App. Phys. 19, 940 (1948)] 
W. P. MASON AND H. J. McSKIMIN 
Bell Telephone Laboratory, Murray Hill, New Jersey 


N connection with the evaluation of the average shear 

modulus and the scattering factor for shear waves it 
appears! that the direction cosines of Eqs. (12) are not 
sufficiently general to produce a true average of these 
quantities for all directions. The most general direction 
cosines are those given for a set of Euler coordinates: 


1=cosé cosy cosy — sing siny; 
l.= —cos8 cos¢ siny — sing cosy; 
lz; =cos¢ sind; 
m,=cos@ sing cosy +cos¢ siny; 
mM2=Ccos¢ cosy — sing siny cos6; 
m3=sing sind; 


n,= —siné cosy; 
N2,= —siné siny; 
n3 =cosé. 


Introducing these values into Eqs. (11) and (14), which 
give the values of c44’ for any orientation for cubic and 
hexagonal crystals, respectively, one can obtain the average 
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values for the shear modulus by performing the integration 


otenS” se i of cae in 


For cubic crystals the average value becomes 


C1—Cr2— 2C44 12 
(C44’) ay = Cag +- 5 = tat 


For hexagonal crystals, the result is 


7 c 2 
(ca = 350-7 5 eis to + Ze 


The scattering factor for shear waves is likewise altered, 
and the correct value for cubic crystals is 


eorcrae peed | 3 [saat 

(C44) av Av ~ 175 (C44’)av ‘ 
The numerical values corresponding to the average values 
of (c44’)ay and the scattering factors for Tables I, II, and III 


are given in the attached table. 
«(<4 =r ) 
(cas "Vay Av 


Material (cas’) ay 

Al 2.62 X10"! dynes /cm? 3.3 10-3 
Au 3.15 a Ae 
Ag 3.21 6.1 1072 
Cu 5.46 6.7 X107 
Pb 1.016 7.2 107 
Fe 8.86 4.0 X107 
Ng 0.384 1.25 X1071 
kK 0.175 1.1 X10" 
WwW 15.15 0 

Mg 1.77 

Zn 4.52 

Cd 235 


1 Professor L. Gold, Brown University, private communication. 





A Note on the Ionospheric Absorption Problem 


LESLIE G. McCCRACKEN 


Electrical Engineering Department, The Pennsylvania 
State College, State College, Pennsylvania 


November 2, 1948 


iy the well-known Bakerian Lecture delivered by Sir 
E. V. Appleton,’ the total non-deviating E layer ab- 
sorption, under the condition that the frequency of the 
transmitted wave was much greater than the collisional 
frequency, was stated to be: 
—logp =4. 1347 Novo(cosx)# " (1) 
: mc (p+pz)? 
Here: p=reflection coefficient, e=electronic charge, 
m=mass of electron, c=velocity of light, No=electron 
density at the maximum of the layer when x =0, vo=colli- 
sional frequency at the height of No, H=scale height, 
x=zenith angle, p=angular frequency of propagated wave, 
and p,=angular gyro-magnetic frequency due to the 
longitudinal component of earth’s field. 
Almost simultaneously, J. E. Best and J. A. Ratcliffe? 
derived a similar expression for the absorption, their 
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expression being: 


1.25 4e? B\}/cosx\!-5 
Hone" orp) (Ce) + @ 
where yo in this relation refers to the value of » at the 
ground. After proper substitutions for the constants B 
and a, the expression for the absorption becomes identical. 

It is the purpose of this note to derive the expression for 
the absorption without using the approximations appearing 
in Best and Ratcliffe’s paper, retaining, however, the con- 
dition that p*>y»* in the region where the absorption is 
appreciable. 

As a starting point, we select 


—}loge= f'” kdh, (3) 


where k=absorption coefficient as a function of height, 
and h=height above the earth’s surface. Upon substituting 
the relation for the absorption coefficient as a function of 
height, Best and Ratcliffe set up the equation above as 


Lo 1 4re? (2) 
~ 38 108° Ime (b+ P1)? Na 


3h SeCX . 
xf exp| 3A x p(- ii) bah, 4 


and then proceeded to evaluate the integral 


ie 2h C secx |, 
f exp{ 35 - 7 ex x(- 7) ph. 


They define x =h/H, so that the integral becomes 
- C secx 
; Bien _ 
Hf exp} 3x 3 exp( x) bax, 


By a change of variable, Best and Ratcliffe obtain a rela- 
tion similar to Eq. (5) below. They then immediately go 
to an approximation. It is the primary purpose of this note 
to indicate the restrictions set up by their approximation. 
A further purpose is to indicate a method whereby these 
restrictions may be avoided. 











Let us define Za Xe, so that 
dz= _C C secx de, 
— 
dZ 
dx =— se aZ= —F 
_,_ 22 
~ Csecx’ 


We find that the integral becomes 


j® 
H C secx/2\ C oye (-F 


2 aC secx/2 
= —— —— Z4 —Z ’ 
u( 7 2) J, Zre-ZdZ. (5) 


The integral above is known as the incomplete factorial 
function and it may be expressed as 


nc 25) (. = =) j (0) 


The factorial function may also be written in terms of the 
modified gamma-function for which tables are available.’ 
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The integral finally may be stated as 








2 1 (3 Csecx 
Wea) "(3 2 ). 


whereupon the total absorption becomes 


Hose inc GbR Aa) (Coen)  F) ® 


It is interesting to note certain features of the expression 
above. When the zenith angle is x/2, its secant becomes 
infinite, and the modified gamma-function reduces to the 
ordinary gamma-function. Thus, the total absorption for 
this case is 


—} loge= Pn or (=) (ces) S 0) 
i n)()".— 00 


Equation (1) is identically equal to the results indicated by 
Appleton, Best, and Ratcliffe. Where the zenith angle 
approaches zero, the absorption must be evaluated with 
the modified gamma-function tables. As close as we are 
able to use the figure appearing in Johnke and Emde’s 
Tables of Functions,‘ we find that the modified gamma- 
function for I'(4, 4) =0.25T(#, ©), so that the total ab- 
sorption when x=0 is 








0.31 


4re? 
—} logo =—— : = 


m(p sore) Ce)": “ay 


It would appear from this discussion that the absorption 
should still vary approximately as the three-halves power 
of the zenith angle’s cosine, but that the relations given by 
Appleton, Best, and Ratcliffe are valid only for large zenith 
angles. This considerably restricts the value of their ap- 
proximation since, as is well known, the Chapman' relation 
which is utilized in setting up Eqs. (1) and (2) is not valid 
for large zenith angles. 


1E,. V. Appleton, “The Bakerian Lectu egu- 
(i93. in the ionosphere—I,” Proc. Roy. Soc. (London) A162, 451-479 

2J. E. Best and J. A. Ratcliffe, “The diurnal variation of the iono- 
spheric absorption of wireless waves,” Proc. Phys. Soc. 50, 233 (1938). 
eat Pearson, Tables of the Incomplete Gamma Function (London, 
1 

4E, Johnke and F. Emde, Tables of Functions (Dover Publications, 
New York, 1945), fourth edition, p. 23. 

*S. Chapman, “The absorption and dissociation or ionizing effect 
of monochromatic radiation in an atmosphere on a rotating earth. 
Part I,”" Proc. Phys. Soc. 43, 26-45 (1931). 
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Grain Growth in Octachloropropane 
W. C. McCrone anv P. T. CHENG 
Armour Research Foundation, Chicago, Illinois 
October 19, 1948 
ECK*? has shown that isothermal grain growth in a 
pure metal and in certain pure solid solutions follows 
the equation 


D=K-(tg+A)", (1) 
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(a) (b) 
Fic. 1. “Annealing” of octachloropropane; photomicrographs a and b 


were taken of the same field two hours apart while maintaining the 
temperature at 115°C. 


where /g is that portion of the total annealing time, ?, 
which is available for grain growth, i.e., the total annealing 
time less the time, R, necessary for complete recrystalliza- 
tion: ig=t—R. The parameters # and K are functions of 
the temperature. The parameter A is interpreted as the 
period of imaginary grain growth which would increase the 
grain size from zero to the recrystallized grain size D, in 
accordance with the extrapolation of the formula describ- 
ing grain growth subsequent to recrystallization, e.g. (1). 

In a recent note,’ Beck proposed an assumption that the 
isothermal grain growth in specimens of the same material, 
starting from different recrystallized grain sizes, D,, has the 
same instantaneous rate dD/dt at corresponding grain size 
levels, and he is continuing work to prove this assumption 
by studying grain growth in brass after recrystallization to 
various grain sizes. 

Our work on boundary migration using octachloropro- 
pane has given data on grain growth which, if judged ap- 
plicable, fully confirms Beck’s assumptions. The use of 
organic compounds to exemplify the behavior of metallic 
systems has been common practice, especially in teaching 
metallography. The advantages are readily apparent— 
lower temperature range, transparent specimens, as well 
as generally simpler techniques. The question, of course, 
remains as to the extent to which the crystallization be- 
havior is analogous with metals systems. In the present 
case it seems probable that octachloropropane can be used 
to study grain growth in metals. The octachloropropane 
used was purified by sublimation from material furnished 
by the Hooker Electrochemical Company and advertised as 
C3Ho.1sClz.ss. The crystals are uniaxial with low bire- 
frigence and give grains very similar in appearance to alu- 
minum or, except for twinning, to brass. On warming to 
about 100°C (annealing) the grains grow (recrystallize) in 
the same manner as these two metals. Figure 1 shows the 
same field of octachloropropane taken about two hours 
apart while being held at 125°C. The data presented below 
were made on preparations made by fusing a few milligrams 
of octachloropropane between cover glass and slide. The 
melt on supercooling gives crystallization in the form of 
small grains with various orientations as shown by crossed 
nicols. Photomicrographs are then taken at regular inter- 
vals while the preparation is held at a uniform temperature 
in a hotstage. Grain size data are obtained from as many 
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Fic. 2. Isothermal grain growth curves for octachloropropane. 


grains as possible in each photomicrograph. These data are 
then handled as described by Beck.!-* 

The results, shown graphically in Fig. 2, prove that grain 
growth in octachloropropane follows the relation suggested 
by Beck, D=K -(tg+A)*, and that m is approximately one. 
Octachloropropane is then an interesting and useful sys- 
tem to study; the results may be helpful in leading to a 
better understanding of grain growth in metals. 

1 Beck, Kremer, Demer, and Holzworth, “Grain growth in high 
purity aluminum and in aluminum-magnesium alloy,"” AIME Tech. 
Pub. No. 2280 Metals Tech. (September 1947). 


? Paul A. Beck, John Towers, Jr., and William D. Manly, “Grain 
owth in 70-30 brass,"" AIME Tech. Pub. No. 2326, Metals Tech. 


3 Paul A. Beck, “Effect of recrystallized grain size on grain growth,” 
J. App. Phys. 19, 507 (1948). 





Comments on “Grain Growth in 


Octochloropropane”’ 
[J. App. Phys. 20, 230 (1949)] 
Pau. A. BECK 


Department of Metallurgy, University of Notre Dame, 
Notre Dame, Indiana 


October 27, 1948 


OCTORS McCrone and Cheng contributed an inter- 

esting new technique to the study of grain growth, 

and they found an organic material, the grain growth be- 

havior of which appears to be very similar to that of 

metals. The beautiful photomicrographs in Fig. 1 show 

how suitable the new technique is for studying the details 
of the mechanism of grain growth. 

The question of the numerical value of the parameter n 
deserves further consideration. The data, even at 125°C, 
fall within a rather small grain size range. Consequently, 
it would require extraordinarily accurate grain size deter- 
minations to decide on a particular value for m. I under- 
stand the authors’ tendency to draw a straight line and 
consider the deviations as a result of scatter. However, it 
may be observed that these deviations have a certain 
systematic character. It would appear that the points 
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might satisfy a curve better than a straight line. They show 
a tendency of decreasing growth rate with increasing grain 
size, as in metals. If the results be plotted on a logD—logt 
scale, it might easily happen that they would tend to sup- 
port an m value considerably lower than one. A more definite 
conclusion would have to be deferred, of course, until data 
were obtained covering a wider range of D and t. I would 
be very much surprised if the m value turned out to be 
larger than }. 


Additional comment by McCrone and Cheng (received 
November 10, 1948): Dr. Beck has correctly analyzed the 
situation with respect to the data presented. These data 
do seem to deviate systematically and consistently from a 
straight line and may indeed indicate an m value less than 
one. Additional data covering a wider range of D and ¢ are 
now being obtained, and an answer to this question should 
be available shortly. An effort will also be made to extend 
this technique to other similar compounds, both organic 
and inorganic. 





Comments on “Electronic Radiography 
and Microradiography”’ 
[J. App. Phys. 19, 844 (1948)] 


HERMAN E, SEEMANN 
Kodak Research Laboratories, Rochester, New York 
November 4, 1948 


N this paper Trillat describes certain experiments which 
may lead to useful metallurgical applications. Since 
their success depends to a great extent upon the choice 
and correct use of photographic materials, it seems appro- 
priate to add a few supplementary remarks. 

The principle involved is that the magnitude of the x-ray 
photoelectric effect depends upon the element irradiated, 
and consequently, the surface of an alloy, for example, may 
be studied by recording its electronic emission on a film 
which is in intimate contact with the surface. Radiographs 
of thin materials may be made using the electron emission 
from a uniform surface of high atomic number, such as 
lead. In either case, details are examined after enlargement. 
In general, emulsions which exhibit little graininess and 
are, therefore, best suited for enlargements of many diam- 
eters are slow; that is, they require relatively long expo- 
sures. With the wide variety of photographic materials 
available it should not be difficult to find some types that 
are well suited to most of the problems in electron and x-ray 
microradiography. However, I do not know of any film or 
plate capable of rendering a useful radiographic image when 
it is “magnified many thousands of times.”’ Instead, the 
present-day limit seems to be a few hundred times. 

At one point in the paper, the discussion of x-ray and 
electron sensitivity implies that a film is available which 
is sensitive to electrons only, but elsewhere it is brought 
out correctly that sensitivity to both electrons and x-rays 
exists in the one film. I do not know of any photographic 
emulsion which is sensitive to one and not to the other. It 
is to be expected that the radiation with the greater 
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absorption coefficient will have the greater effect. Hence, 
in “electronic radiography by the reflection method,” the 
incident x-rays will always be present as a contrast- 
reducing factor in the radiograph, although the effect may 
be negligible in many cases. 

Trillat recommends the use of “a vacuum apparatus 
when necessary” for insuring good contact between speci- 
men and film. This point deserves considerable emphasis 
since what appears to be good contact at low magnification 
may be a very disturbing factor at high magnification. A 
vacuum cassette designed to insure good contact has been 
described by H. F. Sherwood.! 

It would be better to say, in referring to Table I of 
Trillat’s paper, that the photographic density increases 
with atomic number rather than that the photographic 
density “is exactly proportional to the atomic number.” 
The relation between atomic number and density will de- 
pend upon the film used, its development, and the range 
of densities covered. In such experiments, densities should 
be converted to photographic intensities by means of the 
characteristic curve of the film being used. Thus, the 
characteristic curve is a calibration curve for the film as a 
measuring medium. (Under very limited conditions the 
relation between density and intensity may be linear.) 
Unfortunately, for ferrous metallurgical applications, the 


distinction between iron and its close neighbors is weak. 
A fine-grained film of very high contrast is indicated here 
to obtain the best results. 

The results of certain experiments reported or referred 
to by Trillat corroborate some earlier work;? for example, 
I found that the photographic intensity of emission from 
metal foils increased with atomic number (Fig. 2 of refer- 
ence 2). Also, a photographic negative was “copied” by 
utilizing the photoelectric emission from the silver in the 
original when it was irradiated with hard x-rays. The areal 
concentration of silver in a photographic image is so small 
that the emission depends largely upon the mass per unit 
area (p. 839). It was found that an “electron radiograph” 
of a piece of paper could be made by placing the sample 
between a film and a lead screen and exposing the combina- 
tion to hard x-rays (p. 844). To estimate the energy of 
electrons emitted by lead foil with x-ray excitation, elec- 
tron absorption curves were obtained for aluminum and 
Kodapak. In this way it was shown incidentally that the 
mass absorption coefficient was the same for both of these 
light materials (Fig. 4). 

1H. F. Sherwood, “A vacuum exposure holder for microradiography,"’ 
Rev. Sci. Inst. 18, 80 (1947). 


2H. E. Seemann, “Some physical and radiographic properties of 
metallic intensifying screens,"’ J. App. Phys. 8, 836 (1937). 





New Booklets 








The Baldwin Locomotive Works, Philadelphia 42, Penn- 
sylvania, has published its Bulletin 291, The ABC-C-C 
of Simulated Service Testing. It features simple cartoon 
sketches to emphasize the importance of knowing the effect 
of dynamic and cyclic stresses on many machine parts and 
structural members. 8 pages, available on request. 

Training Section, Naval Research Laboratory, Washing- 
ton 20, D. C., has issued a 36-page bulletin entitled Re- 
search Accrediting at the Naval Research Laboratory. 
Numbered P-557, it is intended for promising graduate 
students who wish to undertake basic research in the 
physical sciences. 

The National Supply Company, Pittsburgh, Pennsyl- 
vania, in response to requests from advance readers, has 
made available to the public copies of an attractive bro- 
chure entitled The Story of The National Supply Com- 
pany. Originally intended only as a company history, it 
has been described by outside readers as ‘‘a fast-moving 
and easily understood history of the oil industry.” 48 pages. 

Proceedings of the Illinois Conference on Industrial Re- 
search, sponsored by Armour Research Foundation and the 
Illinois Manufacturers’ Association at Illinois Institute of 
Technology, Chicago, Illinois, May 27-28, 1948, are now 
in printed form. Price $1 per copy. Order from Public 
Relations Office, Armour Research Foundation, 35 West 
33rd Street, Chicago 16, Illinois. 
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Dow Corning Corporation, Midland, Michigan, has an- 
nounced a new technical publication entitled DC 200 
Silicone Fluids, Dow Corning Silicone Notebook, Fluid 
Series No. 3. 32 pages, available on request. 

The Phosphor Bronze Corporation, 2200 Washington 
Avenue, Philadelphia 46, Pennsylvania, has published a 
new technical data book on Elephant Brand Phosphor 
Bronze. 28 pages, free on request. 

Struthers-Dunn, Inc., 150 North 13th Street, Phila- 
delphia 7, Pennsylvania, has issued a new catalog bulletin 
designed to simplify the selection and use of midget 
relays for almost any application. The bulletin, No. 2100, 
is available on request. 

James G. Biddle Company, 1316 Arch Street, Phila- 
delphia 7, Pennsylvania, has announced publication of its 
Bulletin 41-29 on Jagabi ‘Lubri-tact’ Tubular Rheostats. 
It describes the various styles of standard, screw-drive, 
double, graded, switchboard, metal-cased, and non- 
inductive rheostats. 12 pages, free on request. Bulletin 


- 35-29 on Speed Measuring Instruments, 28 pages, is also 


available from this company. 

Infra Insulation, Inc., 10 Murray Street, New York 7, 
New York, has published a 32-page manual by Alexander 
Schwartz, president of the company, on Simplified Physics 
of Thermal Insulation. It covers heat transfer, condensa- 
tion, vermin, mold, fire, radiant heating, and other facts 
and factors involved in the study of insulation and insulat- 
ing values. Copies free on request. 
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The National Bureau of Standards recently announced 
the following publications, all available from the Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington 25, D. C.: 


Circular 470 Precision Resistors and Their Measurement, 
by James L. Thomas. 32 pages, 20 cents. 

Circular 473 Measurement of Radioactive Isotopes, by 
Leon F. Curtiss. 12 pages, 5 cents. 

Circular 460 Publications of the National Bureau of Stand- 
ards, listing of all Bureau publications from 1901 
to June 30, 1947. Brief abstracts for the publications 
issued from January 1, 1942, to June 30, 1947, are also 
included. 375 pages, 75 cents. 


The United Nations Educational, Scientific, and Cultural 
Organization recently published an illustrated booklet, 
Suggestions for Science Teachers in Devastated Countries. 
The author is J. P. Stephenson, science master at the 
City of London School. He explains how science teaching 
can be commenced without the use of apparatus and then 
shows how equipment for experiments can be improvised 
from commonplace materials. 88 pages. 

Research Laboratory of Electronics, Massachusetts In- 
stitute of Technology, Boston 39, Massachusetts, has pub- 
lished Technical Report No. 41 by R. M. Fano entitled 
Theoretical Limitations on the Broadband Matching of 
Arbitrary Impedances. Copies of the full report are avail- 
able on request. Following is the abstract: 

“This paper deals with the general problem of matching an arbitrary 
load impedance to a pure resistance by means of a reactive network. It 
consists primarily of a systematic study of the origin and nature of the 
theoretical limitations on the tolerance and bandwidth of match and 
of their dependence on the characteristics of the given load impedance. 
Necessary and sufficient conditions are derived for the physical realiza- 
bility of a function of frequency representing the input reflection coeffi- 
cient of a matching network terminated in a prescribed load impedance. 
These conditions of physical realizability are then transformed into a 
set of integral relations involving the logarithm of the magnitude of the 
reflection coefficient. Such relations are particularly suitable for the 
study of the limitations on the bandwidth and tolerance of match. 
Definite expressions for these quantities are obtained in special cases. 
The practical problem of approaching the optimum theoretical tolerance 
by means of a network with a finite number of elements is also con- 
sidered. Design curves are provided for a particularly simple but very 
important type of load impedance. In addition, a very convenient 


method is presented for computing the values of the elements of the 
resulting matching network.” 


Sinclair Refining Company, New York 20, New York, 
has issued a 20-page brochure to mark the opening of the 
new Sinclair Research and Development Laboratories at 
Harvey, Illinois, October 1948. Its title is A Symbol of 
Progress. Amply illustrated with photographs of the new 
laboratories. 

Pittsburgh Plate Glass Company, Fifth Avenue at 
Bellefield, Pittsburgh 13, Pennsylvania, has published a 
72-page booklet entitled Chlorine. It is the second in a 
series of technical data books and is designed for use by 
operators, technicians, buyers, and executives. Write for 
copy on your business letterhead. 

Leeds and Northrup Company, 4934 Stenton Avenue, 
Philadelphia 44, Pennsylvania, has announced a 32-page 
illustrated catalog, ND44(1), which covers, for the first 
time in one publication, the company’s complete line of 
recorders and controllers for measuring a wide variety of 
process variables. Free on request. 
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Industrial Distributors (1946) Ltd., 44 Main Street, 
Johannesburg, South Africa, have issued a 16-page bro- 
chure entitled The Diamond Research Laboratory. The 
brochure “presents to the technical world and the general 
public the aims and facilities of the. Diamond Research 
Laboratory. This Laboratory has been established to assist 
all branches of the international diamond industry and will 
welcome the opportunity of service to everyone in this and 
related fields.’’ Generously illustrated with photographs. 





Here and There 








New Appointments 


The National Bureau of Standards recently announced 
three new appointments. Chester H. Page has been named 
Electronics Consultant, John E. White has been appointed 
Chief of the Electron Tube Section of the Electronics 
Standards Laboratory, and Curtis J. Humphreys has been 
named Chief of the Radiometry Section of the Atomic and 
Molecular Physics Division. 

Harold A. Zahl has been appointed Director of Research 
for the Signal Corps Engineering Laboratories, Fort Mon- 
mouth, New Jersey. 

Kenneth D. C. Hickman is serving both Eastman Kodak 
Company, Rochester, New York, and Arthur D. Little, 
Inc., Cambridge, Massachusetts, as consultant under ar- 
rangements recently concluded. Dr. Hickman, a native of 
London, England, is the inventor of the modern molecular 
still used for refining heat-sensitive oils. 


Necrology 


William Gaertner, 84, president of the Gaertner Scien- 
tific Corporation and designer of scientific instruments, 
died December 3 at Wilmette, Illinois. 

Frederick Gardner Cottrell, scientist and inventor, died 
suddenly November 16 of a heart attack while attending 
the National Academy of Sciences meeting at the Univer- 
sity of California, Berkeley. He was 71. He organized 
Research Corporation of New York in 1912 and endowed it 
with the income of valuable patents. 

Cecil E. Haller, physicist and radio engineer, died at the 
age of 40 at Lancaster, Pennsylvania, in July 1948. He 
was chiefly known for the development of the 829B trans- 
mitting tube. 


Division of Solid State Physics 


The annual meeting of the Division of Solid State 
Physics, American Physical Society, will be held March 10, 
11, and 12, 1949, in Cleveland, Ohio. Members should make 
reservations at the Hollenden Hotel, Cleveland, not later 
than March 1. 
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Meeting of Crystallographic Society 


The fourth Annual Spring Meeting of the Crystal- 
lographic Society of America will be held at the University 
of Michigan, Ann Arbor, Michigan, April 7, 8, and 9, 1949. 
Rooms and meals will be available at the Michigan Union, 
which will handle reservations. At least one of the sessions 
will be devoted to a symposium on some special topic of 
general crystallographic interest. For further information 
address Dr. Howard T. Evans, Jr., Laboratory for Insula- 
tion Research, Massachusetts Institute of Technology, 
Boston 39, Massachusetts. 


1.S.A. Convention Locations for 1949 and 1950 


The following dates and places for future conferences 
and exhibits of the Instrument Society of America have 
been selected: September 12-16, 1949, Municipal Audi- 


torium, St. Louis, Missouri; September 11-15, 1950, Buffalo 
Auditorium, Buffalo, New York. 


Symposium on Molecular Structure and Spectroscopy 


A Symposium on Molecular Structure and Spectroscopy 
will be held at the Mendenhall Laboratory of Physics at 
The Ohio State University from June 13 through June 17, 
1949. There will be discussions of the interpretation of 
molecular spectroscopic data as well as methods of obtain- 
ing such data. In addition, there will be sessions devoted 
to those phases of spectroscopy of current interest. A 
dormitory will be available for those who wish to reside on 
the campus during the meeting. For further information, 
or for a copy of the program when it becomes available, 
write to Professor Harald H. Nielsen, Mendenhall Labora- 
tory of Physics, The Ohio State University; Columbus 
10, Ohio. 
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